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RESPONSE OF LINEAR CIRCUIT ELEMENTS TO VOLTAGE PULSES 
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RESDINS) OF OTNEAR CIRCUIT ELEMENTS TO VOLRAGE PULSES 

1. INTRODUCTION 

In alternaving current theory, it 1s normal to consider the results 
of applying sinusoidal voltages to circuits containing resistance, 

capacitance and inductance. This theory has camaon application to power 
and radio-camunication systems. In radar and television systems it is 
equally comnon to apply to such circuits voltages which are by no means 
sinusoidal. 

When the applied voltage is sinusoidal, the voltages produced across 
the individual components are also sinusoidal, differing only in phase and 
Magnitude from the input. The relative phases and magnitudes depend on the 

frequency of the input and on the relative magnitudes of the camponents. 

When the applied voltage is non-sinusoidal the voltages developed 
across the circuit elements are distorted versions of the input. ‘his 

makes the circuit behaviour much more conplicated, each type of input 
requiring individual investigation for different relative magnitudes of 

the circuit components, 

This chapter will be devoted to a consideration of the results of 
applying non-sinusoidal voltages to simple circuits containing linear 
elements onzy. 

INSTANTANEOUS APPLICATION OF CHANGES OF VOLTAGE TO 

CIRCUITS CONTAINING CAPACTTANCE AND RESISTANCE 

2. Instantaneous Application of Change of Voituge To a series C-R Circuit 

Suppose a sudden change of as 

voltage as shown in Pic. 25 is c 

applied ta a circuit containing C v _--[ 
and R in series. Let the input | | 
voltage vi rise instantaneously | ‘a 
from zero to Ty at time t = 0, and 
thereafter be maintained indefin- aH 

itely at this value. Denote the v, 
voltage developed across the 

condenser, of capacitance C, at 
any instant, by Yo and the voltage 

across the resistor, of resistance 
R by vg. Simple theory (Admiralty 
Handbook of Wireleas Telegraphy, 
BR229 , para. 174, and AP 1093 S| 
Part II, Chap. VII, para. 59) shows L 1 
that the voltage v, rises exponen-~ ar | | d- short time constant 
tially as given by ¥ b- long time constant 

Vor Vy (i ~ gt) 

and as iliustrated in Pig. <¢) . 
By Kirchhoff'’s iaw we know that 
the sum of the voltages across the 9 a- short time constant 

capacitance and resistance must at b- long time constant 
all instants equal the applied 
voltage, i.e., fag, 29,- Response of a C-R c1reult to an 

iastuntuneous rise of voltage, Vi= Yep + Vo, 

te
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Chap 2, Sect.2, 3 

so that the voltage vp is given by v 

A oc t/CR ) Ve = Ve al 

as shown in Fig. 26 

The time-constant CR ol 
appropriate to these changes Ve 
represents the time taken for 
the voltage across the .,, ~T 
resistance to fall to £ Vy 4 wt 
i.e., about one third of its or ' 
original value, After a time 
equal to about 5cR has elapsed 
the voltage has fallen to less 
than 1% of its original value, 
and for most practical purposes ol cR 
the change may be considered 
conplete,. 

If the sudden change of 
voltage is a decrease instead 

of an increase similer Pig.26.- Response of a C-R cirevit to an 
considerations apply, and the ~ instantaneous fall of voltage. 
results are asshown in Fig. 26 

3. Application of a Rectangular Pulse of Voltage to a Series O-R Circuit 

We now consider the application of a voltage whose time variation 
is as shown in Pig. 27. We shall call this a Rectangular Pulse of 
Voltage. It is simplest to consider in turn firstly the effect of the 
sudden increase of voltage at the start of the pulse and secondly the 
effect of the sudden decrease at the end. We have already dealt with 
these two cases separately. 

Assune first that the time-constant CR of the circuit is considerably 
less than the time of duration T of the pulse. Then the charging of the 
condenser is completed (in so far as an exponential rise is ever completed) 
before the discharge takes 

place, and the voltages 
developed across the 
condenser and resistor are 
as shown in Fig. 27 . A 

Two sharp narrow pulses of 
voltage of opposite sign 
are produced across the 
resistor, one at the start Ve 
and one at the end of the A 
applied pulse. The 
durations of these sharp 
pulses depend on the magnitude 

of the time~constant. > 

vi 

! 

t 
i 

i 
{ 
! 
( 

| 
If the time-constant 4 

of the circuit is made 
variable (usually, for 
convenience, by changing H 
the value of R) the width of 3 4 t 
these short duration pulses 
developed across the resistor 
can be controlled. In the ~¥|-----—_ 

ideal case considered the 

full voltage Vy would be Pig.2].- Response of a C-R circuit to 

developed across the resistor a rectangular pulse. GR<CT 

however short the time- 
constant. In practice this 
is not so for reasons 

78



Chap. 2, Sect. 3 

discussed later (Secs. 5 and 12), and the amplitude of Vp tends to be 
further reduced the smaller the value of the time-constant. 

Whilst the duration of the short pulses developed across the resistor 

depends on the time-constant of the circuit, it does not depend on the 
duretion T of the input rectangular pulses. fhe time which elapses 
between the leading edges of the first and second pulses developed across 
the resistor is equal to T. 

Suppose next that the time-constant of the circuit isa very much 
greater than the duration of the applied pulse. In this case the voltage 

across the condenser rises only slightly before the input voltage drops 
and causes the condenser to discharge (Fig. 28 ). Qonsider the case when 
CR = 1loT; then at time T (time at which input voltage drops) vo is given 
by :- , 

Yo = 44 (1 - gt/eR) Vv 

= V5, (1 - g V/10) 4, 

= ¥4 (1 - 0-905) 
- fhe “ ° T t 
= 0°0950; te 

After time T the condenser n Vb------- : 
discharges from the value 0°095¥; 
towards zero, The value of vg 
efter time 2T (time T after the t 
instant at which the input ‘ ; 
voltage falls to zero) is given R 

by i- 7 a 
-t A 

vq = 070957; EY R (Qro950; = 
potential differ- t 

ence at start of ° 
di schar, 

A VIO ee) Pig.28.- Response of a C-R circuit 
= 0°0957; & to a rectangular pulse. CR>>T. 
= 0°0957;, x 0°905 

= 0*086F5, 

This dif.’erence between the rates of charging and of discharging of the 
condenser under the above conditions can be sumed up as follows. The 
rate of charge or discharge is proportional to the voltage applied to the 
resistor. At the begiming of the charging period this voltage is Vz, 
whilst at the beginning of the discharging period it is only 0°0957;. 
Thus the rate of discharge is less than one-tenth the rate of charge, 
The voltage vg across the resistor rises to a value vi at the onset of the 
rectangular input pulse, falis, at the same rate as vg rises, for the 
duration T, and then drops instantaneously by an emouit ¥, with the end of 
the input pulse. Pinally vp rises exponentially towards zere at the same 
rate as V, falls. The longer the time-constent CR, the more faithfully 
does Vp réproduce the input voltage. Thus when ( = 100f the drop in vy 

throughout the duration T of the input pulse is only 0°0174; and the output 
pulse across the resistor is very little distorted compared with the input. 

Tn radar systens it is common practice to apply a rectangular pulse 
to a G-R circuit such as that of Fig. 28 and to utilise the voltage 
developed across the resistor. The above considerations reveal the 

following points ;:- 

(i) The maximum value of the voltage developed across R is in ail 
cases equal to the magnitude of the applied pulse. 

(ii) The shape of the output voltage is a close replica of the input 
if CRYT; but if CR«KT the input rectangular pulse is converted 
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Ghap. 2, Sect 4 

into two narrow pulses of opposite sense to each other, whose 

durations depend on the value of the time-constant CR. 

4. Application of a Succession of Rectangular Pulses of Voltage To a 

beries OR Circuit 

We now consider the case where a succession of rectangular pulses of 
voltage is applied to the circuit of Fig. 25. Suppose Tj is the duration 
of each pulse and Tp the interval between the pulses. 

The general shapes of the voltages across C end across R are similar 
to those already described. However, the mean level of the voltage 
across the 
condenser tends to 
vise with each + _ 
successive pulse; 
unless the time~ 3.44 oe eae ee a _---b- _|--- 
constant of the 

circuit is so es 

short compared Ve BECOMES LESS STEEP 
with either To or / BECOMES STEEPER 

T) that the oe ff Ol 

condenser can be a t 

considered to have 
discharged or Ve 
charged canpletely 
during these 
periods, 

Vitimately 
a Steady State is 
reached in which 

Oo!
 

the charge 
acquired by the Fig.29.- Application of a succession of 
condenser during rectangular pulsea to a C-R circuit. CRYT, 

the time T, is 
equal to the 
charge lost during the time T,. This means that the mean current flowing 
into the condenser through the resistor is zero when equilibrium has been 

reached, so that the mean value of VR is also zero. The graph showing 
the voltage developed across the resistor is such that the area (voltage x 
time) enclosed above the zero (mean) voltage line during the time T,, is 
equal to the area enclosed below this line during the time T,, i.e., in 
the steady state the shaded areas A and B (Fig. 29 ) are equal 

Alternatively, a useful way of approaching the problem is to consider 
the succession of positive input pulses to be composed of a steady canponent 

of voltage and a purely alternating component of voltage. 

The mean value v4 of the input voltage is given by :- 

Vi = Th 5 
TL 4 To 

The alternating component of course has a mean value of zero. If 
a steady voltage is applied to a condenser and resistor in series, the 
whole of the voltage appears ultimately across the condenser and, as we 
have just seen, the rise is exponential. In the present case therefore 

the mean voltage across the condenser increases exponentially with time- 

constant OR towards the value 
T 5 

Ty 4 72 * 
Ultimately the mean voltage across the resistance is zero. 
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Chap.2, Sect4, 5 

Mv 

ae ee an a 

v ma WHR, bef ft ff {ff 
ee Pig. 30.- Application of 

Ve ! | i | & succession of rectangular 
i; Ly pulses to a C-K circuit. 

“ | | tt CRT, 

wenn bod | onnneb od 
Ci Cie © 

| —an 
ne an ee ae 

It is therefore apparent thet if CRDT and N< Tp the ultimate output 
voltage across R is a replica of the input voltage across C in so far as the, 
alternating portion of the input is concerned; but that the steady coanponent 
of the input voltage variation is not reproduced. If it is required to 
reproduce this steady conponent, which is determined by the mean voltage 

level of the input, special measures have to be employed. This process of 
restoring the steady (or DC) component of voltage is often called DC 
Restoration (See Chap 12 Sect. 2). 

If Ih<t, the input can be considered as a succession of negative- 
going pulses, and » similar argument holds. In this case the condition 
for faithful reproduction of the alternating componerit of the applied 

pulse in the voltage across the resistor is that CR>> To. 

If CR is short compared with both Tj] and To the steady state is 
rapidly approached, and this is illustrated in Fig. 39, 

5. instantaneous Application of a of Voltage to Circuits 

Containing More Than One Condenser or Resistor. 

Pig.31 showa a circuit con- Ri Mi 

sisting of two resistors Ry and Ry vy oi, 
in series with a condenser C, ——— ° 
The sum of the voltages developed Ra Ve 
across KR, and Ro behaves exactly v __| 
the same way as the voltage Vp A 
across k in the circuit of Sec, v, 
14, with 

R = Ry + Ro ' 
° 

Pig. 31.- Response of a C-ER 
circuit which contains more 
than one resistor. 
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Chap 2, Sects 5,5 

The viltage developed across each resistor is proportional to its resistance > 
LeGey 

VL = Rl VR and v2 = Rp Vv 
RL + R2 Rl + Re R 

The time-constant is mR oC 

Cc (Ry + R2) } 

A circuit commonly encountered in 
radar is show in Fig. 32 . Ry, represents o— | 
the output resistance of one amplifier, - 
Whilst Cp is the input capacitance of the 
next stage. In general (>> CG. Pig. 32.- Practical form of 
Unfortunately the general analysis of this C-k circuit, 
circuit is too complicated for inclusion 
here, but if the output resistance of the 
pulse generator is made very small the circuit of Pig.33 may be taken as 
a sufficiently close approximation, 

i 
if Ry Cz Vy 

At time t = © the 
input voltage rises almost 
instantaneously from zero 
to Vi. (This rise is 
actually exponential, but 
because the generator 
output resistance is very 
anall, the effective time- 
constent is negligible). 
This rise of voltage is 
developed across the two 

condensers in the inverse 

ratio of their capacitances. 
While the input voltage is 
maintained at Vi, the 
condenser C) charges 
exponentially so that the 

voltage across it rises 
towards the value Vi» and 
Cg discharges exponentially 

towerds zero. The time- OT TRyerey) T 
constant of these varia- ae 
tions can be show to be \ 

Pig. 33.- Res j ‘ It will be noticed & 33 (sipelirica) G-R circuit 

that one effect of the 

condenser Cp is to reduce 
the maximum value of the 

output voltage developed across the resistor Rj. Thus, if the condenser 

is reduced in value in order that the time-constant may be small, i.e., 
so that the output voltage may consist of short duration pulses, the 

amplitude of these pulses is reduced. 

INSTANTANEOUS APPLICATION OF CHANGES OF VOLTAGE TO 
CIRCUITS CONTAINING INDUCTANCE AND RESTSTANCE 

h, Instantaneous Application of a Change of Voltage to a Series L-R 

Circuit (Fig. 34 )- 

Let the input voltage vj rise instantaneously from zero to 4; at time 
t = 0 and thereafter be maintained indefinitely at this value. Denote 
by vi the voltage developed at any instant across the coil, of inductance 

L, anu by vg the voltage across the resistor, of resistance k. 

82 



Chap 2, Sect. 6,7 

Standard theory (BR229 o 4 
Admiralty Handbook of Wire- L af 
less Telegraphy, Vol. I, v ; 
para. 158, and AP.1093,Part ' + 
II, Chap. II, para. 43) shows Vp 
that the rise in current in yy 
the circuit is given by the 4 
expression :- 

ry “Rt 
i= — @- ér) 

se that the voltage developed MTT tte 
across the resistance R is Ne 

A =Rt ° 
Rey 2 - € Z) 

At any instant vy, may be deter- 
mined by the relation ad 

re . 

Wy = Vp + yy, a , _— 

The time-constant is LAR. —- etme 

Pig. 34. also shows 
the effect of reducing, 

instantaneously, the input Fig. 34.~- Keasponas of LeR circuit to rect- 
voltage from a value > 7 te angular pulas. L/R <F 
sere, assuming that 
the voltage across the ceil and resister have attained their final values 
before the cnange takes place. The full érep of voltage appears instan- 
teneously acress the coil. Subsequently the veltage acress the resisiay 
falls expenentially from ¥. v3, towards sero, while that across the oo11 rises 
expenzotially frem a “Fi towards zero. 

It should be noted that the nature of the voltage variation across 
the coil is similar to that across the resistor in the corresponding G-R 
circuit, whilst the voltage variation across the resistor in the preaent 
case is similar to that developed across the condenser. 

Te Application of a Rectanguler Pulse of Voltage to a Series L-R 
Circuit 

Consideration similar tc those of Sect3 apply to a circuit consist-- 
ing of a coli L and resistor R in series. We shall consider separately 
the two cases (1) L & T and (ii) L»> T, T being the duration of the in- 
put pulse. R 

QL? (Fige 34) 

The voltage across the resistor rises exponentially to 
practically its full value 7. vi during the interval T, while the 

voltage across the coil, after its initial instantaneous rise 
to 4 v4? fails exponentially to zeno. At time T the input voltage 

drops instantaneously to sero, so the voltage across the coil 
drops instantaneously to Vy. After time T the voltage across 

the coil rises exponentially from “Fy towards zero, while the 
voltage across the resistor falls exponentialiy from 7. vy towards 
Zeke 

Ths voltage pulses of short duration are developed across the 
coil. 

(44) Rot 

The voltage across the resistor rises exponentially by only a 
small amount before the en@ of the applied pulse; then the 
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Chap 2, Sect. 8,9 

voltage across the resistor starts to fall exponentially. This 
behaviour is similar to that of vg in Fig. 28. The voltage 
across the coil rises instantaneously from zero to a value %. 
at time t = Q, falls exponentially by a smal? amount during the 
interval t=O tot = Tf, and then drops instantaneously by an 
amount V,;- Subsequently the voltage developed across the coil 
rises exponentially towards zero. The voltage developed across 
the coil is, an almost undistorted reproduction of the input pulse. 

8. Application Of a Succession Of Rectangular Pulses of Voltage to a 

Series L-C Circuit 

As in the corresponding case of the C-R circuit (Fig. 29, Sect&), the 
mean value of the input is given by :- 

qy A 

T + To 
Vi. 

The series of pulses may be split up into a steady component equal to 
this mean value, and an alternating oanponent whose mean value is zero. 
The steady component of voltage scross the resistor ultimately attains the 
méan value vi, and approaches this value at a rate dependent upon the time- 
constant of the circuit. In the steady state only the alternating 
component, which represents the rectangular pulse shape, appears soross 
the coilL 

9e DISADVANTAGES OF A SERIES L-R OLRCULE COMPARED WITH A SERIES C-R 

CIRCUIT 
°. 

It is not usually con- gE. I 
venient to employ L-R networks i—+ Vier 
to provide time-constants of v, ry RereR 

more than a few microseconds =a 
such as are commonly required 
in redar. Such a network is ° 

usually in series with some 
form of generator whose output 
resistance 1s of the order of 
a few thousand ohms, so that 
the size of coil required to 
give the desired L ratio is 

R 

A
A
A
 

AA
A,
 

qoc ee ean 

» | 

inconveniently large. ‘The KS t 

requirements can be met by VA. 
sy the use of C=-R components of 

more practicable values. 5 os ne os nea 
Further, the inherent re- iy 
sistance of a condenser is 
usually negligible whereas 

| 
i 

h 
J 
i 
T t 

that of a coil is always 
appreciable. Even when very 
short time-constant circuits FPig.35.- Modifications to response of 
are required, coils cannot L-K circuit due to coil resistance. 
be used to produce the effects 
described above because of 

their self-capacitance. Their use in ringing circuits, where self- 
capacitance is not necessarily deleterious, is described in Sec. 10. 

Fige 35 shows the effect of coil resistance on the voltages 
across coil and resistor in a series L-R circuit. The voltage developed 
across the resistor is affected only in magnitude, but the coil voltage 

may be considerably modified as shown (compare vy+, of Fig. 35 with 
Vv of Fige 34 }e 
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Chap 2, Sect 10 

INSTANTANEOUS APPLICATION OF CHANGES OF VOLTAGE 
TO CIRGUITS CONTAINING INDUCTANCE, CAPACITANCE AND RESIS‘“aNGE 

10. _ Instantaneous Application of a Change of Voltage to An L-C-R Circuit 

The consideration of free oscille- cog 
tions in a series L-C-R circuit (Fig.36(a) 
is dealt with in many standard works 
(Admiralty Handbook of Wireless Tele- ¥ Lov 
graphy, BR229 , para. 390, and AP.1093, 
Part II, Chap. VII, paras. 7-16). It a 
is shown that the sudden application 
of a change of voltage to this kind of L Cc 

circuit results either in a free ry a ot 
oscillation or in a smooth, non- v cote Vo | 
oscillatory change, according to the ia | 
relative values of the components. J bo 

(b) (c) 

In the case of a free oscillation 

the frequency depends mainly upon L Fig. 3%6.- L-C-R circuits. 
and C and to a lesser extent upon R, 
and the amplitude decreases exponent- 

dally according to the smount of 
demping in the circuit. 

The quantity S = 3 [Gg is called the Damping Ratio. 
L 

If G <1 the Cirewit will perfom a damped oscillation with a 
frequency f and a logerithmic decrement § given by :- 

1 

2n 

2 

£53 
fi. & 

BY Wy? 

§=2. 
oy 

If the resistence is very small the frequency is approximately i 
Such a circuit is called a Ringing Circuit. any iG 

ir C= 1 the output voltage of the circuit is just not oscillatory 
(Critical Damping). 

If ©>1 the output voltage takes thé form of an exponential rise. 

In many radar applications it is desirable to use a ringing circuit 
whose damping is slightly less than critical. 

Ringing circuits are frequently used with the damping resistor R 
in parallel with either the coil or the condenser instead of in series, 
as shown in Pigs.36(b)and(c).In these cases it can be shown that, neglecting 
the resistance of the coil, critical damping occurs when R = 1 Ts and 

2 
. c 

that oscillations take place for values of R greater than this. 

Fige 37 shows the output voltage produced across the condenser in 
the circuit of Pig. 36(b) when a change of voltage is instantaneously 
applied at the input terminals. Diagrams illustrate the cases R = fi 

CG 
(damped oscillatory), R = 3 iE (critically demped) and R = 1 iE (non- 

G Jc oscillatory). 
Im all cases the delay-time before the output voltage reaches the value 
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Chap 2, Sect 11 

of the input is proportional to/IC . The voltage across the eqil may 
he obtained fron the relation. vy = vy, + Vge 

1. INSTANTANEOUS APPLICATION OF A CHANGE OF VOLTAGE TO A DELAY NETWORK 

A more detailed consideration Vo 
of this probiem is given in Chap. 4, 
where the wave-nature of the effeot | 
is dealt withe As an introduction, 
and for the sake 'of completeness, 4 

| 
1 

brief mention is mate here, consider- ° 1 ay Ref 
ing the behaviour of the delay net- Vy | 
work ag an extension of that of the H 

ringing circuit. Fe a ee 

Fige 35 shows two-stage and 3 Th ‘ 
(b) R ajé Six-stage networks composed of 

identical sections, such as are 
used to make up a pulse-forming oe 
Delay Line. In Sec. 10, illus- 
trated by Pigs.36 & 37 , we i t 
have already discuased the ° co) eh f& 
pehaviour of tne single~stage 
network, or ringing circuit. If 

we replace the resistance R of Fig. 37.- Response of L-C-R circuit 
Fig.36 (b) by another ringing of fig. 36(b), 
circuit identical with the 
original one, we have the 
cireuit of Fig.38(a). We shall assume that this does not appreciably 
affeot the voltage v1; produced scross the first condenser when the input 
voltage is applied. This voltage is shown in Fig.38(o) . vy, is in 
turn applied to the ringing circuit formed by the second IC section and 
Re The effect produced is not vastly different from that which would 
oocur if the input pulse were applied to this network, not at time 
+= 0, but at time t=. In other words, the voltage vo across R is 
similar to v expert that Vv, does not reach the value of the input 
voltage unti = T', where T' is approximately equal to 27. Subsidiary 
effects also cocur, such as minor alterations in the character of the 
ringing at the end of the delay time T'. (Fig. 38(@) ) 

The addition of further L-C sections produces a similar offect. 
The delay time before the rise in imput voltage appears scross the out- 
put is approximetely proportional to the number of stages- used. Neither 

the amplitude of the ringing, nor its duration, is appreciably affected 
by an increase in the number of L-C sectionse 

Im the simple ringing circuit of Fig. 36(b) the delay T and the 
period of the ringing are both proportional to Jit. In the multiple- 
stage network the total delay is proportional :to n/t, where nis the 
number of stages, whilst the period of the ringing is approximately 
independent of me By increasing n end reducing L and C proportion~ 

ately, the ringing cen be made negligibje without increasing the delay 
time. If this is done in a six-stage or eight-stage network, the out- 
put voltage ia made spproximately rectangular, as shown in Fig. 38(e) « 
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Chap 2, Sect. 12,77 

Fig.38.- Response of 
delay network. 

NON INSTANTANEOUS CHANGES OF VOLTAGE 

12. General Discussion 

In practice 3+ is impossible to produce an absolutely instantaneous 
change in voltage, but in many cases no great ¢rror is introduced in 
considering a change of voltage to be instantaneous if the total time 
taken for the change is short canpared with G1 /use However, sometimes 
the change of voltage applied across a circuit must be considered as 
changing linearly with time. A common example is the sawtcoth voltage 
produced by time~base circuits (Fig. 42 )» Sometimes the rise or 
fall of voltage is exponential, but usually only a small portion of the 
exponential rise or fall is considered and for practical purposes this 
portion may be regarded as linear. 

13- Input Voltages Increasing at a Constant Rate 

Tet the imput voltage v, applied to the condenser (capacitance CG) 
and resistor (resistance R) in series increase at a constant and finite 
rate m, so that 

veO#«== «Ct



Chap, 2, Sect, 13 

The voltage Vp across the resistor oF 

rises exponentially and tends to a 
final value sOR. ‘he initial rate vi R My 
of rise is the same as that of the . 
input voltage Vie 

The voltage vg across the + 

condenser also begins to rise 
exponentially, but tends to rise 
at the same rate as v, when Vg 

| 
i 

| 

approaches its steady value. ; Vass 
| 
| 
( 

| 

| 
t 

i} 

This is indicated in Pig. 39. / 

Mathematical analysis yo 

mcr ben Leno 
At time t let :- i a 

fo 
q = charge on condenser 5 — a t 

i = current in circuit 
A Fig.39.- Response of C-R circuit to 

(= a } voltage varying linearly with time. 

Then :~ 

applied voltage = voltage across condenser + voltage across resister 

or Vi = mt = 3 + ik 

Ditferertiating with respect to t := 

1 . 2+ 4 ,p, ai 
“= SC at at 

or ms = + BR = 

The solution of this equation is :< 

ie mo (1- EVER 

Therefore vp = iR = mOR (1 -E/R) 

and Yo = Vi ~ Vg = mt - OR(1 ~ ER) 

Thus Vp rises exponentially te a limiting value mOR. The smaller 

is the time-constant CR or the slower the rate of rise of the input 
voltage (smaller m), the lower does this final value of v, become, The 
rate of rise of vg is 

a “U/CR 
Gt (WR) sme i 

so that at time t = 0 the rate of rise is m, i.e, Vg initially rises at 
the same rate as v.. The rate of rise of voltage across the condenser 

starts from zero aiid increases until, by the time vp is constant at a 
value mOR, it becomes the same as that of the input voltage. 

If a voltage which rises linearly with time is applied to a coil 
and resistor in series, the voltage v, across the coil and the voltage 
Vp across the resistor at any instoent are given by the expressions 

Wee 2a. €t), 
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and Vp = mt - me (1 - et, 

The voltage across the coil rises towards a final value mL, and is 

. R 

similar to the voltage across the resistor in the corresponding C-R 

circuite The voltage across the resistor ip the LeR circuit is similar 

to that across the condenser in the C-R arrangement. 

14. Linear Rise of Voltage of Finite Duration 

Now let us suppose that the input voltage applied to a series O-R 

cirouit rises at a rate m for a time T* and then remains constant at a 

value mT' for an indefinite time; 

(Fig. 40 ). 

During the time T' the 
voltage across the resistor 

rises exponentially towards a 
maximum value equal to mcR. 
Throughout this time vp is 
given by :- 

~t/C 
ve mor (1 - & 8) 

During the time the input 
voltage remains constant Vp 
falls exponentially fran 
its value at T' towards a 
final value of zero. 

Three cases arise, in 

which CR ['. These are 

illustrated by the following 
examples corresponding to the 
three diagrams of Fig. 40 
We are concerned here only 

with the value of vp during 

the rise of vj. 

(i) CR = 52 

A
Y
 

Fig.40.- Response of O-R circuit to linear 
voltage rise of finite duration. 

At time Tt the value of vp is 

O*°9 mf', ices, the voltage across the resistor rises to nine-tenths of the 

maximum amplitude of the applied voltage. The greater the time-constant, 

the more closely vg approaches the amplitude of the input voltage. 

(ii) cR= T' 

The value of vp at the time T’ is approximately two-thirds of the maximm 

amplitude of the input voltage. 

(iii) CR = z me 

The value of vp at the time T' is nearly equal to one-fifth of the maximum 

amplitude of the input voltage, i.c., the smaller the time-constant the 

smaller is the value of Vp. 

The voltage across the condenser at any instant may be obtained 

from the relation 
Vz = vo + VR 

This is illustrated in Fig. 40 . 
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It should be noted that since there is no instantaneous change in 
the applied voltage at any time, in particular at + = 0 and t =T', there 
ig never any sudden change in the rate of rise of Vor 

15. Pulses Involving linear Variations of Voltage 

Fige 41 shows the voltage 
developed scross the resistor, 
and shat developed scross the 
condenser, when a trapeziun- 
shaped pulse is applied. A so= 
called "rectangular" pulse 1 Nw _ . 
usually has this trapezium shape, Oe or 
i.e., ‘be changes of voltage are vy Where veer” i\ 

i not instantaneous. It has been 
assumed that the input voltage 
rises to ‘ts cons‘'ant value in 

an interval T', remains at this 
value for a time T. and then 
falls back to its initial value 

in a further interval T'. Tf 
mist be very much greater than 

f* if the voltage change is to 1 Vv, \ 
represent the usual type of = | 
"rectangular" pulse. When the ‘ LY 
time-constant of the circuit is Ve _t 
smaller than 7. short pulses are of ——— t 
produced across the resistor nl “7 

(compare Sec. 4). However, if (C) CReTosT! 
the time-constant is made Pig. 44,- Response of G-R-oircuit to 

progressively smaller, the 
amplitude of these short pulses 
decreases, When the time~ 
constant is much greater than the time T, the voltage developed across the 
resistor closely approximates to the input voltage. 

trapezoidal pulse, 

Fige 42 shows the voltage 

developed across the resistor and 
that developed across the con- mT ------~5 
denser when a pulse of triangular 
shape is applied. The rise of 
input voltage takes place in an t 
interval T', and the fall of 8 Tl 
input voltage is assumed to be Ve 
instantansous. Such a mT![----~--~= r 
variation is coumonly called a 
Sawtooth Voltage. When the cRecT! i 
time-constant of the circuit is ERTS A 
much greater than T', the voltage ° 1! ‘ 
across the resistor closely re- ' 
sembles the input veltage. When mr! y 
the time-constant is muoh smaller CRT 
than T*, the voltage variation SRT 
across the condenser approximates 3 Te t 
in shape to that of the input 
voltage, whilst the voltage 
across the resistor rises to a 
smell value during T'and at 
t =T' drops sharply to form a 
negative-going pulse. 

emTib  -en-~ + 

Fig.42,- Response of a €-K circuit 
Pige 43 shows the to sawtooth pulse, 

voltages developed across the 
resistor and the condenser when
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a triengular pulse which has equal rates 
of rise snd fall of voltage is applied 
to the circuit. It should be noted 

that, when the time-constant of the v, 
circuit is less than the time of rise or mt h--—- 
fall of the input voltage, the voltage | H 
variation developed soross the resistor 
approximates to a pair of rectangular 
pulses of small amplitude. OTe TI ‘ 

Ve 

16. Succession of Pulseg 
mTt-~-- 4 

As in the case of the rectangular 1 rcRer! 
pulses dealt with in Secs. 4 and 8, an i XI 
input which consists of a succession of wooed ‘ 
uniform pulses of any shape may be mn CRT! 

divided into a steady component equal fe | 
to the mean value ¥, of the input and " Pe ent! 
an alternating component whose mean PING I 
value is zero. When such an input is fg cRetl\ | 
applied to a series C-R circuit, on FS 
equilibrium condition is ultimately 
arrived at in which the steady Pig.43.- Response of a C-R 
component of the voltage across the circuit to triangular pulse. 
condenser is equal to ¥; whereas the 
mean value of the voltage across the 
resistor is zero. The fraction of 
the alternating component appearing across either the conddnser or the 
resistor, and the amount of distortion present, depend on the time~ 
constant. 

Fige 44 shows the 
waveforms of some pulses 
which are commonly applied v 
to a series C-R circuit. 

Figs 45 shows the voltages 
developed in the steady . 
state scross the resistor Vpn Porton cnn erm fn Fe : 
and condenser when a oO 
continuous train of tri- 
angular pulses is applied 
to the circuit. Fig. 46 
shows the results to be 
expected when a ‘continuous 
train of sawtooth pulses 
is applied. 

SVVV 

If a succession of 
pulses is applied to a series 
LeR circuit the resulting 
conditions are comparable 
with those which obtain in 
a series C-R circuit. The 
voltages developed scross the Fig,44,- Typical waveforms 
coil and resistor are similar 
to those developed across the 
resistor and condenser 

respectively in the C-R 
arrangement. 
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Pig.45.- Response of a O-R circuit Fig.46,- Response of a C-R circuit 
to a succession of triangular pulses to a succession of sawtooth pulses 

17. DIFFERENTIATING AND INTEGRATING GLIRCULTS 

With certain limitations, which are discussed below, it is possible 
to arrange a circuit so that the output provides either a differential or 
an integral version of the input voltage. 

avi 
i.e, either YX at 

or Vor [v5 - dt 

A series O-R circuit may be used to meet either of these require~ 
ments. For differentiation the time-constant must be short, and the 
output is taken across the resistor. For integration the time-constant 
must be long, and the output is taken across the condenser. The conditions 
governing the choice of time-constant are investigated below. 

Considering the circuit of Fig. 47 , we mow that 

Vi = Yo + Vp i 
° 

dt 

al 3 and ‘a z a 

6 

Differentiating Circuit. 

Pig.4}].< A differentiating or 
Assume that Vp KX Yo integrating circuit. 

Lets, A fe} = Vy 

then Vo 2 

and by differentiation with respect to time, we obtain 

2 aa = 4 (v4) 
c dt at 
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Hence i = 4 . 
a ae (Md) 

or - VR ed 
wo ew v. a x (v3) 

i.¢e VR = R a v. CR 5, (%4) 

In words, the voltage across the resistor is approximately proportion~ 
al to the time-rate-of-change of input voltage. 

We shall now consider the circumstances under which the assumption 

YR K Ye 

is justified. 

Yep = Ri = Rag = CR 4 
Rk at ae CY) 

Hence the assumption may be written 

on we K 

But, as shown 

wy 2 WH; 

hence 

mmiKy + 

ise. 
oR << vif avy 

at 

This means that the time-constant must be small compared with the 
ratio of magnitude to time-rate-of-change of the input voltage. 

Integrating Circuit 

Assume that woe Kwa , 

1.6 VR 2 vs ; 

then Ri ef vy 
e 

and by integration with respeot to time we obtain 

R fiat 2 fr . at 

Hence Rq 3 f vy dt 

or CR % & f vz dt 

i.@e YY #1 G aE vs, dt 

In words, the voltage scross the condenser is approximately 
proportional to the time-integral of the input voltage. 
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It may be shown, by reasoning similar to that used in the case of the differentiating circuit, that the assumption 

7K 
implies that 
oes oR >> J YE at 

Vi 

This means that the time-~constant must be large compared with the ratio of the integrated value to the magnitude of the input voltage. 

As an example of differentiating we may take the circuit and wave- form of Fig. 39 

Here =i =m and ia constant, so that vy increases steadily with t * 

time. Hence if t is large enough 

Wf dv 
FE OR 

and the output Vp is a differentiated version of Vie Thia is shom in 
the figure, where, for values of t >> OR, tp ocm 

As an example of integratiom, consider the waveforms of Fig. 29 For values of t << OR the condenser voltage continues te rise with each pulse, so that 

vq oc f ¥% at 

For larger values of + this condition no ienger holds and eventually a steady state is reached. Under these circumstances 

f v,dt >> oR v, 
and the condition for integration y 
is not fulfilled, ‘ 

The terms "differentiating" 
md “integrating” are often 
applied to short and long time- ° 
constant circuits respectively, N, 
even though they are not used in 
the conditions under which trus 

. differentiation or integration ; N 
cocurae For exemple, the voltage : 
Vp-shown in Fig. 48 is 4 4 frequently referred to as a 4 
differentiated version of the 
input Vie In fact dv; sig 

(a) 

(b) 

oO 
al
g 

dt ‘NFINITELY LONG eitner infinite or zero, as shown. © Provided OR << 1, vp consists at 
of narrow peaks of voltage and INFINITELY LONG | the similarity with the true , 
differentiated voltege is 

obvious. Fig.48.- Comparison between output (b} 
of a “differentiating” oirouwit and a 

_true differentiated version (c) of the 
input {a}, 

O4
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