
CHAPTER 1 

LINEAR CIRCUIT ANALYSIS 

1. INTRODUCTION 

This chapter summarises those items of conventional electric 
circuit theory which form the basis of the analysis in the renainder of 
Pert II. It consists largely of statements of results, and other texts 
should be consulted if proofs are required. For present purposes the 
circuit is regarded as a collection of components (or circuit elements) 
interconnected by a mesh of short conductors and stimulated electrically 
at localised places, the whole assembly being so compact that electro- 

magnetic effects can be assumed to be propagated instantaneously within 
this self-contained system. The behaviour of the circuit is described 
primarily in terms of the potential differences existing between pairs of 

*points" in the circuit and of the currents which flow through "points" in 
the circuit; the word "point" here usually signifies the cross-section 
of a conductor. 

The symbol for a potential difference (or voltage) is v, and 
that for a current is i, 

the subject matter of this chapter is dealt with in the 

following standard Service Reference Books :~- 

Admiralty Handbook of Wireless Telegraphy Vol. 1. 

(ER 229) 

pignal Training (26/Manuals/l451 and 1577) Vol. II Farts I 
and IT. 

Royal Air Force Signal Manual Part iI. 

(AP 1093) 

Heferences to particular passages are given in the appropriate 

sections of this chapter. 

in particular the matter of Sec. 12 should be taken as 
supplementing, not replacing, the description given in the standard Service 
Reference Books, The appropriate references are := 

BR 229. Cheap. V. (Paras. 272-348). 
26Aienuals/1451. Chap. XXV. (Secs. 231-20). 
26Manuals/l577. Chaps. II and III. (Secs. 9-17). 
4P 1093. Chap. V. 

2. CIRCUIT LAWS AND CONVENTIONS 

Circuit theory is founded on two laws attributed to Kirchhoff. 
One governs the relations between currepts and the other the relations 
between potential differences in a circuit. These laws may be stated as 
follows :- 

(1) The algebraic sum of the currents entering a point is 
zero at any instant. 

(44) The algebraic sum of the potential differences 
encountered in traversing a closed loop is zero at any 

instant. 
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Chape1, Sect. 2 

Thus in Fig. 1, application of the first law with regard to 

the currents ij,, i, —_ iy provides the following independent relations :~ 

(i, -ai,-ai,+a,-0 —_ 
1 2 1. 7 © 5 

in +i, -i5 -iz=o ” 
(i) 2 3 5 7 Vio 

4, + iz -~ig 20 ws 10 

Similarly the second lg Is 
law, applied in respect of the a 7 8 aN V4 
potential differences Vz» Vo -~Vios —— Va 

provides the following independent y | 4 vst 9 P ly 
relations :- . ° ° 

Wy- YY Vy =O 4Q 16 Ob 

Ya-Y%s- Vig =? : ° 
(44) Figs 1 + Typical circuit containing 
at V3 -Ve~ Vg - V5 0 active and passive elements. 

=0 v7 - Vg + V10 

Although other similar relations may be available they will Le 
found to be implicit in those stated, 

in the diagram tiree types of clrevit elements are indicated 

(a) a thin line denoting an ideal connector between other 
elements, and providing no impediment to the current; 

{(b) a rectangular bux denoting a passive element, i.e. one 
which normally impedes the current, and 

(a)  ciroular box denoting an active element, i.e. one 
which normally drives the current. 

The Grections of reference for currents and potential 
differences are indicated by arrows; those for the potential differences 
are alongside the elements to which they refer, the tip of an arrow being 
taken to indicate the terminal of higher potential, and those for the 
currents are superimposed on the connectors, their direction indicating 
the flow. (This is the opposite direction to that of the movement of 
the electrons). It is emphasised that these directions are solely for 
reference and correspond with actual voltages and currents only when these 
emerge from the analysis with positive values. It may be noticed that 
in a simple circuit having only one generator the voltage arrow appears 
to assist the current arrow through the active element, and to oppose it 

through passive ones, although this useful relation is only a consequence 
of the above conventions. 

Any closed path in a network is kmown as a Mesh, and the 
application of Kirchhoff's laws can be simplified by using the conception 

of Mesh Current Components to replace currents through the elements. 
Fig. 2 represents the same oircuit as Fig. 1 when redrawn from this point 
of view; (the voltage arrows are anitted for the sake of clarity). The 
current in any direction through a circuit element is the algebraic sum of 

the components in that direction contributed by those meshes of which it 
forms a part. Thus, by a comparison of Figs. 1 and 2 the following 
relations emerge :- 
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Chap. 1, sect. 3 

© in = L 

a ce > 
a3 = do 
i, = 3a + ip 

is = ig - ip 

ig = i, + 15 

“7 * “BSD a Ole 
These will be found to 

satisfy equations (i), and signify 
that by the introduction of mesh 
current camponents Kirchhoff's 
first law is automatically satis- 

fied and the number of variables 
reduced. The camponents also 
simplify network analysis for 
other reasons; but it should be remembered that they exist only as a 
convenience in analysis, and cannot be endowed with a separate physical 

existence in circuits. 

Fig. 2 - Cirevit showing mesh 

currents. 

Substitution Theorem 

This useful theorem, of general application, is elf-evident, 
and may be stated as follows :- 

4 part of any network, coupled to the remainder only through 

its terminals, may be replaced without affecting the behaviour 
of the remainder of the network by a system of ideal generators 
of voltage (or current) which are arranged so as to preserve 
the previously exiating potential differences (or currents) at 
the terminals. (The conception of an ideal generator of 
voltage (or current) is considered in Sec. 4.) 

References ; 

BR 229. Paras. 72 and 73. 
26Meanusis/i,51 Sec. 136, 
AP 10936 Chap. 1. Parase 31-38. 

CHARACTERISTICS OF CIRCUIT ELEMENTS 

3, Passive Elements 

Circuit problems cannot be solved simply from a knowledge of 
circuit laws; it is also necessary to know the characteristic properties 
of each element in the circuit so as to be able to predict its behaviour 

when subjected to any specific variation of voltage or current. Al- 
though such properties may on occasion be very complicated, and express- 
ible only in the form of experimental data, tabulated or presented by 

means of graphs, there is a wide range of elements for which much simpler 

specification is available. Thus it is found that for one class of 
cirovuit elements the current i is always oroportional to the applied 
voltage ve Where this obtains the elements are described ag resistive 

(or purely resistive) and are known as resistors. ‘The ratio v is 
i 

called the resistance of the element, denoted by R. The appropriate 
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Chap. 1, Seat. 3. 

R 

circuit spol is shown in Fig. 3(a). he result :- AW 
RESISTANCE 

(a) 
7 = constant (i.e. E is constant) 

‘ c 

is known as Ohn's law. —jk— 
CONDENSER 

vor another type of element the (b) 
current i is always provortional to the rate 

of change of the applied. voltace, dv. Such 260 
at INDUC TANCE 

(SELF INDUCTANCE) elesents are said to be capacitive and are 
qc) imown ac condensers (or capacitors’, Tie 

ratic ifdv is called the capacitince of - 
at B B 

the element,, denoted by C, The aporopriate M 
. : : ica : +, 7 MUTUAL INDUCTANCE 

circuit symbol is show in Fig. 3(b). " 
Tne result :- 

= = constant Fig. 3 - Circuit symbols 

ae 

(i.e. C is constant) 

nas no particular name; it is the law for a condenser, and is usually 
quoted in the form 

2 a¢ 7 = 

where gq is the charge on one plate. 

For yet another type of element the applied voltage is always 

proportional to the rate of change of current, di. Such elements are 
dat 

said to be self-inductive, and are known as coils (or self-inductors). 
The ratio W/ di, is calied the self-inductance (or simply the inductance) 

at 

of the element, denoted by L. he appropriate symbol is shown in Pig.3(c). 

So far all elements considered have had one pair of terminals; 
but there is another type of inductive element with two pairs, having the 
property that if the current through one pair ferinesy) varies, then a 
voltage is established between the other pair (secondary), which, on open 

circuit, is always proportional to the rate of change of the primary current. 

Such elements are known as transformers (mutual inductors) and the ratio 
v_ (secondary } is called the mutual inductance, denoted by Me The 

& (primary) 
appropriate symbol is shown in Fig. 3(d). 

These Last two results, of the form 

= = constant ( i.e., L or Mis constant) 
i 

are a consequence of Faraday's Law of Electromagnetic Induction, which 

states that the induced EMF is proportional to the rate of change of the 

flux turns threading a circuit. 

Actually no elements conform exactly and under all circun- 
stances to the ideal concepts of resistance, capacitance and inductance 
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Chap. 1, Sect. 4 

which have been defined, 060 0 FIRST 
COIL 

APPROXIMAT | 
though sane may do 30 Sl 8 L ceconD 

near. x enough for caus WIRE OAV 200 pp ROXIMATION 
practical purposes within R L 
amore or less re- THIRD 

stricted range of ELEMENT c APPROXIMATION 

circunstances. Other (a) 
elements may exhibit 
behaviour which can be 
simulated by combina- c FIRST 
tions of ideal elements, o———1 > approximarion 
the degree of simulation CONDENSER R 
increasing with the c SECOND 

complexity of the —f fe APPROXIMATION 
"equivalent network", R eames L 

() ose ateen these meme otha fT fe peli 
s:ceessive approxi- b) 
mations to simulate the 

properties of a coil of 
wire and of a con~ Fig. 4. - Equivalent networks : successive 

denser, respectively. approximations. 
It should be clearly 
understood that such 
representations serve a 
most useful purpose as 
equivalents, but that 
identification of parts 
of the representation with parts of the component represented is by no 
means always permissible, and that such points in the equivalent circuit 
as the junctions of R and L in Fig, 4(a) have no physical existence. 

Cireuit elements which may be represented adequately by an 
equivalent network made up of unvarying resistance, inductance and 
capacitance are mown as Linear Elements, and circuits whose passive 

elements are all linear are know as linear circuits or networks. 
Sub yect to limitations, the theory of linear circuits may also be applied 
to circuits in which the fundamental parameters, resistance, induct- 
ance and capacitance, are functions of applied frequency or of time: 

specification of these limitations is beyond the scope of the text, 
except to state that the more gentle the variation of parameters, as 
compared with the mode of exciting the circuit, the more accurate is the 
analysis. 

References, 

BR 229. Paras. 58-68 and 128-183. 

26/Manuale/1li5l. Secs. 127-133, 185-202 and 60~72. 

AP 1093. Chap. 1. Paras. 26-30 and 47-58. 

Chap. 2. Parase 2hel3, 

4. Active Elements 

Active circuit elements are primarily sources of electro- 
motive-force and are ultimately responsible for all the electrical be-~ 
haviour displayed by actual circuits. The voltage developed at the 

terminals of an active element is not the same in general as the ENF 
generated, the difference between these quantities being ascribed to 
losses in the element itself ond arising from internel impediments to 

the current established, 
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For a comprehensive circuit analysis it is therefore neces- 
sary to know the voltage which would be developed at the terminals of 
each particular gener- 
ator under all 

conditions of load. 
Just as it has been 
found convenient to Vion v Voroe 
describe the prop- ; 
erties of a passive -82()-0--- a Onn |g. 
element in terms 
of an equivalent net- ACTIVE. ELEMENT IDEAL INTERNAL 
work, so it is help- GENERATOR — IMPEDIMENT 

ful to replace an 
active element by Vioap =¥—Voror 
an equivalent come 

bination of elements 
in which the prim- 
ary action (gene- Fig. 5 - Representation of an inactive 
ration of EMF) is element : constant voltage 

ascribed to an ideal equivalent network, 
active element, de- 

void of loss, ass0- 
ciated with a pass- 
ive eleaent, re- 
presenting the in- 
ternal impediment; (see Fig. 5). For many practical active elements 
the internal impediment may be represented by a linear network, and 
further, the characteristics of the ideal generator may be found to be 
independent of load; both of these qualifications materially simplify 
cirowit analysis. The ideal active element of Fig. 5 may be termed a 
Constant Voltage Generator, as it delivers an EMF asa stated wider all 
conditions of load. An alternative equivalent representation is shown 
in Pig. 6, in which the ideal active element may be described as a 
Constant Current Generator, in that its function is to maintain a 
current as stated under all conditions of load, 

The idea 

of a constant, cur 
rent generator may 
seem rather curious 
to those who natur~ 
ally regard potent- 
ial difference as Vian 
cause and current as = O 

effect. In cirouit “#82 ~--- __ eon _ 
esnalysis, however, 
it is only the re- 
lations between these oRop 

two quantities which INTERNAL 

have special signifi-~ 'Loao = | - !pRop IMPEDIMENT 

eanoe, and it is not 
necessary to assert 

that either notion is Fig. 6 = Representation of an active element: 
more fundamental than constent current equivalent network. 
the other, Thus the 
notions of ideal 
voltage generators 

and ideal current gene- 
rators are equally 
feasible, 

IDEAL GENERATOR 
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Chap. 41, Sect. 5,6, 7,8 

References 

BR 229. Paras. 495k. 

26Manuels/li51.  Sece 117. 

AP 1093. Chap. 1, Paras. 17-22. 

LINEAR CIROUIES 
5 General 

Linear circuits are those in which all passive elements (includ- 
ing those representing the internal impediments of active elements) can be 
represented by equivalent combinations of resistance, inductance and 
capacitance, i,e. circuits whose behaviour is governed by linear differ- 
ential equations relating voltage and current, Circuits to which this 
restriction cannot be applied are generally termed Norm-Linear (or Non-Ohmic), 
and the analysis of their behaviour is usually complicated. 

Certain results hold in the field of linear circuits which do 
not in general permit of wider application. These are stated below in the 
form of circuit theorems. 

6 Superposition Theorem 

In a linear network the current at any point (or the po- 
tential difference between any two points) may be regarded as the alge- 
braic sum of the corresponding currents (or potential differences) 
produced as each generator in the network is considered to operate in- 

dependently with all the others suppressed, 

To suppress a generator, in this sense, means to reduce its 
output te zero without affecting its internal impediment; this may 
be regarded as equivalent to short-circuiting the ideal voltage gene- 
rator (or open-circuiting the ideal current generator) in the equi- 
valent circuit of an active element; (see Figs. 5 and 6). 

7. Reciprocity Theorem 

In any passive linear network the current produced at one 
point as a result of inserting an ideal voltage generator at another 
is identical with the current which would be produced at the second 
point by inserting the same generator at the first. Similarly, the 
potential difference arising between any pair of points fram bridging 
any other pair with an ideal ourrent generator is identical with the 
potential difference which would arise between the second pair of 
points by bridging the first pair with the same generator. 

REPRESENTATION OF SINUSOTDAL CURRENTS 

AND VOURAGES IN LINEAR CIRCUITS 

8. General 

Throughout this volume a capital letter (e.g. V) is used 
to denote any voltage or current which in the olrcunstances may be 
taken as remaining constant over the interval of time considered. 
Where the quantity under discussion varies it is denoted by a small 
letter, (esge ¥). Thus, ' 

ve f (t) 

is the relation indicating that the velue of v at any instant t can be
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expressed as a function of t. In the particular case of a sinusoidal 
function, v might satisfy the relation 

A s 

v= Vv sinWt, 

+ denoting the amplitude, or peak value,of v, and the angular fre- 
quency, which is 2mf, where f is the frequency of the oscillatory volt- 
agee 

For the remainder of this chapter we are concerned with the 
anelysis of linear networks which are subjected to steady sinusoidal 
voltages, emphasising in particular those points which are useful in 
subsequent chapters and which are not stressed in the references quoted. 

The behaviour of circuits which are not linear or which are subjected 
to other kinds of voltage-variations is discussed in other chapters, 

The importance of the sinusoidal voltage in this field is 
due to the ease with which the results for all types of circuit elements 
ean be specified in simple form. Thus, in any linear network sub 
jected to one or more sinusoidal voltages of the same frequency the 

current at any point and the voltage between any two points are also 
sinusoidal {of the same frequency) and can be specified in terms of 
amplitude and phase, measured with respect to one of the generators, 
This form of specification also avoids an undue emphasis on the instan- 

teneous values, which have rarely any special interest, notwithstanding 

the fact that they represent the actual events occurring. The commonplace 

existence of sinusoidal voltages gives added importance to this type of 
analysis. 

In building up a sinusoidal analysis of circuit behaviour, the 
trigonmetry associated with instantaneous values is commonly avoided by 
the use of vector representation, in which instantaneous values are 
regarded as the instantaneous projections of rotating vectors. Such 
vectors are used to represent voltages and currents, length representing 
amplitude and direction representing phase» Phase difference is 
represented exactly by difference in direction of two such vectors. 

By the use of complex numbers the geometry of such vector 
diagrams can be expressed in algebraic form. For instance, 

ge fe s@t + 9) 

4s 

represents a vector diagram in which a vector of length i, passing through 

the direction g at zero time rotates with anguler velocityu. Now 

Zeset +9) _ 3 cos(st +9) + J sin(ot + 9) /, 

the tem 7 cost + 9), (mom as the Real Part) denoting the project- 
fon on the horizontal axis, and the term j 2 sin(@t + 9) (know as the 
Imaginary Part), the projection on the vertical axis. This enables 
vector treatment to be translated into the actual instantaneous values 
at any stage by considering the real parts of the expressions for 
voltage and current, The use of complex numbers in expressions infers 
that voltage and current are also specified in similar terms, and the 
rewording of the results in terms of real voltages and currents is 
often left to the reader; this is a common practice in electrical text 
books. 

For convenience the representation on a diagram of such a 

—p 

is denoted by an arrow, thus; v. 

tr
 
=
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References 

BR 229, Paras. 339-348 

26Manuals/1577, Chap. II. Appendix I, 

AP 1093, Chap. V. 

5. Complex Quantities 

Fig. 7 represents a vector f which is show in relation to 
a pair of perpendicular axes; the horizontal axis is called the Real 
axis and the vertical axis the Imaginary axis. Vectors drawn parallel 
to the imaginary axis are prefixed with j to denote this direction. _— 
Thus & represents a step of amount a parallel to the real axis and jb 
a step of amount b parallel to the imaginary axis. Combining these 
steps the resultant becomes & + Big represented in the diagram by rs 

Hence we can write 

> > —_ 

r= a+ jb (Cartesian form), 

In analysis the srrows 
are omitted, so thet the express- 
ion is written 

IMAGINARY 
r=za+ jb AXIS 

Alternatively, Pisa ; an 
vector of length iri making a Jb\-----5> TTT H 

direction @ with the real axis, Nf 
and can be thought of as a ~ a ait ! 
vector of length iri , origin- x r i 
ally lying along the real axis, a, i REAL 
Which has been rotated through fo) a AXIS 

an angle @. The quantity re- 
presented by ir! is called its 
magnitude, whilst @ is sometimes 
conveniently referred to as its 
phases. Two notations can be 
used to denote this process: 

(i) r= tri 8. (polar form) 

or (44) r= iri € 56 (exponential form) 

Fige 7 - Representation of a vector. 

The latter form is used in this wolume. 

We can thus write 

reat j= (ri € 

= [rl cos 0 + § Irjsin 6; 

whence, a = |ri cos © 

and b = jr{ sine 

On the other hand, r =./ g2 + p2 

and tan@= b, 
a 

We may use complex numbers to represent the effects produced 

by sinusoidal voltages and currents if the numbers are carefully inter- 

preted as explained in Sec. 8. For these applications, r becomes v or 

i, whilst (r{ becomes [vj or Iii. Since Ivi or {il is equal to the 
maxima or peak value of the real part of the.voltage or current, it is 
more convenient to use the symbols ¥ and Z in place of Ivi and Jal. 

of
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For both current and voltage, 9 varies uniformly, executing 
one rotation per cycle, and has angular velocity W = 2nf. Thus, 

v2 VEi@t+h) ana i= TEI@t + #2) 

represent a voltage and a current of amplitudes % and 3 and phases 
Wt + go, and wt + J, respectively, the voltage leading the current in 

phase by the angle 

ot + = wt + >) 

= fl - Jp. 

We may also use complex numbers to denote the ratio between the vectors 
representing voltage and current. Thus 

ag dwt + #,) 

T ” Eset + Po) 
= # dl, ” Po) a 

i 

This new vector v is stationary end is usually denoted by z = ze 8 
i 

where z =@Z 

q 

and  9= ca - G> . 

z can also be written in the cartesian form 

=R+ 

where R and X correspond to the Resistance and Reactance encountered 
in the usual analysis. 

Care must be taken in using complex numbers to represent 
voltages and currents in calculations involving power, For example, 
if the instantaneous value of the voltage applied to a load is in- 
dicated by the real part of 

ve Seder + %) 

and that of the load current by the real part of 

4 = teIet + J) 
then the instantaneous power consumed by the load is given not by the 
real part of the product vi but by the product of the real parts of v 
and i considered individually, Its mean value is 3 ¢ 7 cos(A- 22), 
Gos(#, - Yo) is called the Power Factor lof the load. (In generel the 
Power Factor is defined as the ratio of the'mean power consumed by the 
load to the product of the RMS (Root Mean Square) smplitudes of the 
load voltage and current. For sinusoidal variations the RMS value 

(Wor I) isl times the maximua value, so that 
2 

A A 

vin Ereraed )
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1G. Veotor Diagrams 

Fis. & represents a voltage given by 

Va TE jwt 

as a vector of length 7 and rotate 
ing at an angular velocityw. When 
several vectors are to be compared, 
representing sinusoidal voltages 
or currents of the same frequency, 
it is usual to replace the diagram 
of rotating vectors by referring 
all the vectors to one of the set 
as @ reference vector. This is 

normally drawn along the horizont~ 
al axis, and each of the other 
vectors is given the appropriate 
length and phase compared with 

those of the reference vector; 
(Fige 9). All vector diagrams in 
this volume representing voltages 

or currents ere of this relative 
type unless otherwise stated. 

For convenience, when 
comparing vectors a vector may 
be transplanted to any origin in 
its plane, since the only sig- 
nificant quantities are length and 
direction, and provided these 
remain the same the significance 
is unaltered, 

Vectors are added as 

indicated in Fig. 10(a); 
—_ — —_ 

OP + PQ = OQ. 

To subtract one 
vector from another the vector 
to be subtracted is reversed in 
direction and the reversed vector 
is then added to the other. 

Eege, referring to Fig. 10(bd), 
—_ — —_ 

OP - OQ = OP + PR 

= OBR. 

IMAGINARY 
AXIS. 

REAL 

AXIS 

Fige 8 - Rotating vector. 

Vs Ve 

° — 
vi 

Fige 9 ~ Relative vector diagram, 

° p 

(a) 

A 
R p 

e 

@) a OQ - 
_ —_— 

PR= -OQ 

(b) 

Fig. 10 - Addition and subtraction 

of vectors.
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IMPEDANCES AND ADMITTANCES 

ll. General 

As explained in Sec. 8, if vw and i are complex quantities 
representing respectively the sinusoidal voltage applied to a linear 
two-terminal network and the current which flows through it, the ratio 
vis a complex number called the complex impedence, or, more simply, 
1 

the impedance of the network. It is denoted by the symbol zs, The 
phase angle of this impedance, which is the angle by which the voltage 
vector leads the current vector, is denoted by 9, and the magnitude of 
z by & 

Thus _ 26. 

(In this volume the phrase "magnitude of the impedance" is 
used to denote Z; the cammon but somewhat confusing practice of using 
the word Impedance to denote both the complex mumber 2 and its magni- 
tude Z is thereby avoided), For a passive network 9 may have sny 
value between + 90° (= X radians). If 0<9 $ 90° the network is 

2 
inductive; for =< 90° £ <0 the network is capacitive, 

If g = £ 90° the impedance is purely reactive and may be 
denoted by «= jZ, where X is the reactance. Such an impedance is 
presented by an ideal coil of inductance L, where X =WL, (9 = + 90°), 
or by an ideal condenser of capacitance C, where k= - 1 , (J == 90°). 

wd 
In practice coils and condensers possess resistance, and the imped- 

ance is correspondingly modified; (see Sec, 3). 

In general the series resistance R is the real part and the 
series reactance X the imaginary part of s, so that g=R+ JX, 

The steady state of a two~terminal network in response to a 
sinusoidal voltage of given frequency is determined exactly when the 
magnitude Z and phase angle 9 of the impedance are known, 

Alternatively, it may be simpler, particularly when deal- 
ing with parallel combinations of networks, to conduct the analysis 
in terms of admittances rather than impedances. The ratio i/v is a 
complex number, called the (cauplex) admittance of the network, and is 
denoted by ye Hence y = 1/2 and the magnitude of the admittance is 
given by Y = 1/2, 50 that y = YE-¥#, 

The real part of y is called the Conductance and is denoted 
by G, and the imaginary part is called the Susceptance, denoted by B. 
Thus 

ye=Ge jb 

The susceptance of an ideal coil of inductance Lis - 1foL, and that of 
an ideal condenser of capacitance CiswC, For an ideal resistor of 

resistance R, G = 1/R. 

Further comparisons between admittances and impedances are 

made in Sec, 15. 

It should be borne in mind that knowledge of the magnitude 
and phase angle of an impedance (or an admittance) gives no knowledge 
of the nature of the camponents forming a two-terminal network. It 
merely indicates the overell effect at the frequency considered, 
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12. Helmholtz's, ¢cevenin's or Norton's Theoren 

This theorem, variously attributed, wholly or in parts, to 
the above-named scier.ists, may be stated as follows :- 

If a lincar network can be divided into two parts, ‘coupled 
only by a pais cf conductors (Fig. 11(a)), then either part (removed network) 
may be replaced, without affecting the behaviour of the other part (remaining 
network), by the substitution of 

{i) A constant voltage generator, giving the open-circuit 
VOLGAZe Vog at the terminals of the removed part, in 
series with its output impedance z,; ‘Tig. 11(b)); or 

(ii) A constant current generator, giving the short-circuit 
current Lge at the terminals of the removed part, 

shunted by its output impedance z,; (Fige1ll(c)). 

— 
NETWORK NETWORK 

TO BE TO 
REMOVED REMAIN 

{a} | _| 

REMAINING 
vO NETWORK 

oc 

ct) @ 
—
?
 

REMAINING 
NETWORK 

» tL  f. 

Zz Zn ra 
OQ wl 

Fig. 11 ~- Helmholtz's, Thevenin's, or Norton's Theorem; 
Schematic representation. 
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The output impedance Zs is defined as the impedance looking 
into the terminals of the removed network when all its generators are 
suppressed; (see Sec. 6 for this use of the term “suppress"). . 

This theorem can be extended to networks in which the two 

parts referred to are coupled by any number of conductors, 

It is legitimate to alter the make-up of the remaining 
network after substitution has been made for the removed network, as 
the latter is replaced by an equivalent combination of elements which 
are independent of the former, (Note that such variations cannot be 
made when the Substitution Theorem (Sec. 2) is employed, without 
re-specifying the substitute generators). 

As an example of the above theorem consider the circuit 
shown in the left-hand diagram of Pig. 11 (d). Each shunt branch may 
be considered as a constant-voltage generator (v,.) in series with 

its cutput impedance z,. To calculate the output voltage v, replace 

each branch by the equivalent representation i.e. a constant-current 
generator, giving the short-circuit current i,, shunted by the output 
admittance yr. The resultant current isZi, and the resultant admitt- 
ance Lye 

Hence vi, = Z i, 
o ° 

Z yr 

But i, = Vy /2y 

and ¥, = 1/2,. 

Yr 
Hence Vo = 2 Ze 

a rz. 
The above result holds equally for DC, and may then be quoted in the 
form ¥ 

>> th. 
V5 =, ° > th. 

13. Star-Delta Transformation 

This useful transformation is illustrated in Fig. 12, Any 
three-terminal linear network excited at a single frequency may be replaced 

in the steady state by either of the forma shown at (a) and (b); the 
arrangement (a) is called a Star (Y) network, and that at (b) a Delta ( ) 
network, If at such a frequency the impedances forming the Star-network 
are Zy, Zp and zz, and those forming the Delta-network are z,, %, and 2, 

as shown, the conditions for the networks to be equivalent may be written 
in either of the following forms:- 

o, = *e* 22 23 + 83% 

1 

my = 1 22 + 22 By + 25 2y 

z, 
2 

1 %2 + 92%, + 23 41 

25 

26
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or inversely: - 

Zz | 

4 2 ke Be NOD 3 Zz i *™ a c 9 

+ e+ 8, 

= Za (a) Z3 

Zz B+ H+ 4%, 

O
h
 

In filter theory 
similar networks are often de- 
noted by the terms T (for Star) 
and T (for Delta). 

14. Series Networks 

It may be con- 
venient to represent a two= 
terminal network by a simple 
series arrangement having the same 
impedance as the actual circuit. 
If this simple circuit consists 
of a resistance R, and a reactance 
X, in series, as shown in Fig. 13, 

we have Fig. 12 - Star-delta transformation. 

Zz Rg + x, 

2. 72 2 Ze = RE +X, 

and tan J = X, oe . 

Since Cos g =_%s_ , . : “ TF 

z I 
Z=R, sec J EN 

ny The power factor of the network (a) 
is cos #. 

For an inductive network, Fiz, 13 - Simple series network. 
represented as a resistor of resist- 
ance R, in series with an ideal. 
coil of inductance Lg, 

KX, silos so that 

tan Pu Whs 

8 

Ror @ capacitive network represented as a resistor of resistance R, in 
series with an ideal condenser of capacitance Cz, 

Xg= - ok, 80 that 
Wo, 

tan 9 = - ii. 

WC, R
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15. Perellel Networks 

It may be convenient to represent a network by a simple 
parallel arrangement having the seme impedance az-the actual circuit. 
If this simple circuit consists of a conductance Gp and a suscept- 
ance Bp in parallel, as shown in Fig. 14, we have 

y= Gp + jBp 

2, pe ¥2= G2 + BS 

(d) 
Yeu Gp secg. a) 

Fig. 14 = Simple parallel network. 
The power factor is, as Be Me 

before, Cos g. 

For an inductive network, represented as a resistor of 
reactance Ry in parallel with an ideal coil of inductance ly, 

Se and B, = “I » 80 thet 

tang =  , 
Wi, 

For a capacitive network represented as a resistor of 
resistance R, in parallel with an ideal condenser of capacitance Op, 

Bp = ay, so that 

tan g = - uC, Rp e 

16. Q = Factor of a Component 

This factar is commoly used to indicate the goodness of a 

reactive component. 
Reactance frequenco 

For a single canponent the ratio Resistance at any qi v 

is called the Q - factar of the component at that frequency. A practical 

coll can be represented approximately by an ideal inductance L in series 

with the resistance R of the coil; (see Fig. 4(a)). ‘In this case the Q of 
the coil is*L _ _L. It follows from Seos. 1, and 15 that Q= tan? ; 

R R 
also thet if the camponent were to be represented for convenience as 
&@ pure susceptance in parallel with a pure conductance, Q would be 
given by |Susceptance|. Since for a condenser this latter repre- 

Conductance 
sentation is more coumon, as indicated in Fig. 4(b), the Q = factor of 
such a condenser is given by 

g= G2 = wm. 
R 
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Although the above formulae suggest that the Q of either 
component is proportional to frequency, in practice this is not the 

case for the following reasons t= 

(i) The representation adopted is approximate only and. 
ia not accurate at very high frequencies. For 
example, the shunt reactance of the self-capacit- 
ance of the coil reduces the effective inductance 

and eventually the coil resonates with its self- 
capacitance as a parallel resonant circuit. 

(ii) The resistance of a coil is not constant, but, owing 
to skin effect (which causes the current to be forced 
more and more towards the surface of the conductor) 
increases as the frequency rises. 

Por these and other reasons there 
is a maximum value for the Q = 
factor of any coil (or condenser) 
occurring at a definite fre- 
quency; (Figs 15). Practical 
values' for the Q = factor of a ° 
coil for use at radio fre- 
quencies cf several megacycles 
per second are from 50 - 200. 
The higher the walue of Q the 
narrower is the frequency band 

over which it is maintained, 

The Q - factor for 
an air~spaced condenser is very 
large compared with that of a 
coil. For # dielectric other ‘ 5 ° Fig. 15 =— Variation of the Q- 
then air or a wacmm the losses factor of a coil with fr 
in the condenser are due almost equencye 
entirely to the dielectric. 
However, Q is still usually much greater for such a condenser than for 

the coils used at the same frequency, and since 
an {e] e 1 . 

Q= [tang] andis large, J= 90° and |tan 9] = ST 

Fence the Q - factor of a condenser with a solid dielectric is 
approximately equal to 1, where F is the power factor of the di- 

F 
electric. This may have a value from 100 to 5000. 

17. Equivalent Series and Parallel Networks 

A two-terminal network may be represented at a single 
frequency by s- 

(4) en equivalent series combination, or 

(4%) an equivalent parallel canbination, 

of simple components, as described in Secs. 13 and 14, In either 
case the impedance of the equivalent network must be the same as that 
of the actual network, having the same magnitude and phase angle. 

Suppose z is the network impedance, of magnitude Z and 
phase angle @, and y the admittance, of magnitude XY. Let the 
equivalent series combination consist of R, and X, in series, and 

the equivelent parallel combination of Gp and Bp in parallel, The 

follcwing relations then hold :- 
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w
e
 

we
 

HI
E 

BR, = Z cos g, 

@=f cos 9, 

2 Hence RL G, = cos g 

= 2 1 or R. ss x, cos“ J, (where Bp "a 

Also, since X, = R, tan J 

and B, = ~ G, ten YZ, 

2 2 
XB = - ten g cos” g 

=~ sine g 

Hence Ty =X, sin? 9, (where 2 = Fh 

The relations R, = Rp cos” g 

ond X, = X, sin’ gf 
make possible a rapid conversion from a series to a parallel arrange- 
ment or vice versa. 

¢ 

When the network consists of a single coil or condenser of 

large Q we may write tan 9 - Q where Q>>1. 

Then sin? g = 2 a= 1 
1+ 

and cos’ # = 1 = 2 ,. 
1 + Q Q? 

The equations relating series and parallel components may then be 
written 

2 Bp a aR, 
and xX x X,- 

18, FREQUENCY CHARACTERISTICS OF TWO-TERMINAL NETWORKS 

Certain properties of simple ‘linear networks with small 
losses can easily be deduced if the presence of resistive components 
is neglected, and a first approximation to the behaviour of the net~ 
work can thereby be obtained, The impedance of any of the remaining 
elements, or combination of these elerents, is then always reactive 
(or, in particular cases, zero or infinite). 

For example, the reactance X;, of an ideal coil is WL, 
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and this is directly NETWORK REACTANCE CURVE 
proportional to fre- 

quency; (Fig. 16(a)). 
The reactance X_ of an 
ideal condenser is o—-.000 -—0 
-l_ and is inversely 
we 
proportional to fre- (9) ° f 
quenoy, so that a 

graph showing the x 
variation of Xo with 

f is a rectangular ° t 
hyperbola; (Fig. 16 —_— 
(b)). The variation c 
of the resultant re- o—{}—o 
actance of these two 
in series is found by 
adding the ordinates (b) 
of the curves (a) and 
(P32 and is shown at 
c « 

For a 
certain value of f 

given by fy, where a 

L ¢ ° f 
Wyte = Pex ’ 009 if-o fr 

P 

ise. 

wor = Wa ’ co) 

so that Fig. 16 = Reactance curves o: simple 
1 non-resistive networ.s. 

f. = ’ 

27 ./ LC 

the resultant reactance of L and Cin series is zero. This frequency 
is called the Resonant Frequency of the circuit. For lower frequencies 

this circuit, formed of ideal reactive components, is purely capacitive, 
and for higher frequencies, purely inductive, 

For parallel circuits it is more convenient to use sus- 
ceptances instead of reactances, The susceptance By, of an ideal coil and 
Bo of an ideal condenser vary with frequency as illustrated in Fig. 

17(#) and (b) respectively, and the resultant susceptance of the two 
in parallel is formed by adding the ordinates of the curves (a) and 
(b). ‘This resultant is shom at (c). As for the reactence curve of 
the series circuit, this curve has a position of zero susceptance at 
the frequency 

1 

an fie 

called the resontant frequency of the parallel circuit. For lower 

frequencies this circuit is purely inductive, and for higher frequencies, 
purely capacitive. 
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If the 

susceptance of any 
canbinetion of L B 
and Gis known the 
reactance may be 
obtained by taking 
the reciprocal of o—.000,—o 
the susceptance and 
changing its sign, 
since for a purely 
reactive impedance 
X= -l1_. The (a) 

B 
converse process 
also holds. Equi+ B 
valent reactance 
and suceptance 

curves obtained in 
tbis way for the 
series and parallel o—tF— 
combinations al- 
ready described are (b) 
shown in Figs.18(a) 6 t 
and (b), together 
with similar curves 
for more compli- 

cated networks, at 
(c) and (a). L ° f 

portant property of 
these reactance and 

susceptance curves 
is that the slope 

is always positive. 

The reason for this 
is clear for the Fig. 17 =~ Susceptance curves of simple 

simple expressions non-resistive networks. 
Xxwx2WHLor -l , 

wd 
BzwC or -l_, since 

wL 
in each case dif- 

ferentiation with respect tow or f yields a positive derivative. The 
general case may easily be shown by induction. If X is the reactance 
of any combination of L and C, and either Ly or © is added in series 

ith % then if TL a w a with X if is positive so alse is ia (% +1) or mH 

NETWCRK SUSCEPTANCE CURVE 

(c) 

(% - ba }« In fact, each additional series reactance increases 

the slope at that frequency. A similar proposition is true if a 
susceptance is added in parallel with Bj. Hence, since dX and 

aw 

GB are always positive for the simplest networks, namely those con- 
aw 
sisting of a single reactance, they are always positive for any series 

or parallel combination of such networks. 

This fact makes the sketching of reactance and susceptance 
curves relatively simple. One is seldom interested in the exact 
variation of reactance or susceptance with frequency. It is usually 
sufficient in the first instance to plot approximately the frequencies 

at which the ordinate of the graph considered is zero or infinite, i.e., 
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the frequencies of series and parallel resonances The general shape 

of the graph can immediately be sketched approximately once these 

points are determined, 

REACTANCE CURVE SUSCEPTANCE CURVE 

é
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Fig. 18 - Keactance and susceptance curves of various 

non-resistive networks. 

It has been possible to plot the variation of impedance 

or admittance, showing the variafion both of magnitude and phase 

angle (90°) on a single graph in Figs. 16 - 18 because the components 

were chosen as ideally reactive, having no resistances. In practice 

all components have resistance, and for accurate representation 

more than one two-dimensional. cartesian diagram is necessary to re~ 

present the variation of magnitude snd phase angle with frequency. 

; Fige 1268} shows the result of converting the reactance 

diagram of Fige 16(c) for the Series Resonant Circuit, consisting of 

L and C in series, to a diagram representing the magnitude of the 

4mpedance. Since R= 0 and Z=/XI, the Z-curve is obteined by 

changing the sign of X in Fig. 16(c) where this is negative. 
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The phase variation is also shown, 

We now 

consider the effect of 
inserting in series , z 
with L end C a re- 
sistance R, sufficient~ 
ily amell so that at 
the resonant frequency 
the reactance X, 6 f 

(which is then equal to 
~Xo) is much greater L c 

than the resistance R. 220 —t 8 

The effect 
of R is appreciable (a) ° f 

ml; only near resonance, oc? 
since then the posi- 
tive and negative re- y 
actances cancel. each 
other, so that at the 
resonant frequenay 
the impedance is R. 
For only small de~ 
viations from re- 

| 
| 
i 
1 
| 

sonance the reault- ° t 
ant reactance is L oR f 
much greater than R O00 VW Fo | 
and the effect of R 6 \ 
is mall. This is | 
illustrated in 90° p—— od 
Fige 19(b). . a _t 

A more ott 

precise account of 
the behaviour of the 
circuit in the 

neighbourhood of the Fig. 19 = Effect of small series 
reaonant frequency is resistance on series L-C 
given by the Universal circuit. 
Resonanoe Curve; 
(See. 19). 

A corresponding modification is needed to the diagram 
representing the magnitude of the adwittanoce. Where the magnituie of 
the impedance is small, but not zero, ar in Fig. 19(b), that of the 
admittance is large, but not infinite. Conversely, zeros in the 
admittance curve for resistance-less networks are replaced by finite 
admittances of smell magnitude, corresponding to impedances of large, 
but not infinite magnitudes. 

A similar procedure usually enables the behaviour of more 
complicated networks to be assessed qualitatively with little de- 
tailed analysis. The modifications necessary to the impedance 
curves of purely reactive networks to allow for slight losses usually 
consist of replacing zeros by small, and infinities by large, in- 
pedances and edapting the neighbouring portions of the diagrams 
accordingly. The resonant frequencies are little changed provided 
the losses are sufficiently small. (The procedure may be invalid if 
zeros and infinities in the reactance or susceptance graphs are very 

close together) 
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19. RESONANCE 

It follows from Sec. 17, (Fig. 13(¢)) that at a certain 
frequency the total reactance of L and C in series is zero, Above 
this frequency the circuit is inductive (% = + 90°) and below, capaci- 
tive (% = - 90°). Similarly, Fig. 14(c) shows that at some fre- 
quency the total susceptance of L. and C in parallel is zero. Above 
thi» frequency the circuit is capacitive (J = = 90°) and below, 
inuuctive (% = + 90°). In both cases the resonant frequency is 
given by the relation 

9 yl 5 1, so that f, = i 

0G 2 nr f/LC 

These results are modified by the presence of resistance, 
some resistance being unavoidable, notably the series resistance of 
the coil. 

For the series (acceptor) cirouit, if R is the totel series 
resistance of the circuit, the impedance oan be written 

z2=xR+ j@L = 1) 
oC 

and at resonance the reactive component is zero so that z= R. The 
reactive component grows rapidly and becomes large in comparison with 
R for very small deviations fron resonance provided the ratio 

the magnitude of the reactance of either kind at resonance 
the total series resistance of the circuit 

is lerge, This rat’o is called the Q ~ factor of the circuit. It 
follows that 

QeOr = 1 ei /t 
a D pR R c 

Since any equivalent series resistance associated with the 

condenser is usually negligible by comparison with the series resist- 
ance of the coil, in most series circuits usec for HF work R is the 
resistance of the coil, so that the Q - factor of the circuit is the 
seme as the Q - factor of the coil at the resonant frequency of the 
circuit. 

We may write 

@L=2 R.£{ rl 2 pQ & 
Or R Or 

and 2 = R.Yr, 1 = RQ Yr, 
we w WR ) 

Hence 22 R+ JR (2 - er 

Or w 

If we put f =f, (1+8) 

then = = f21+5, 
r fr 

and Or = i “= 1. 8 providea 5 is small. 
) 1+ 

65



Chap.1, Sects 19 

Hence WO ~ Wy 2 28 
wor w . 

Thus z= R(l+j296 ) 

As is shown in Sec. 14, 

Z=R sec G; 

also teng= X, 
R 

but z=Re IX 

=R+jR tan? 

=R (1+ j tan 9). 

Comparing this with 

z= R (1+ j 298) above, we see that 

tng=2Q8. 

The approximations involved in the above analysis depend 
on 6 being smell, This is true for quite large values of 9 provided 
Q is large. The variation of g and Cos ¥ with Q & is show in Fig.20. 
This graph is knom as the Universal Resonance Curve. It may be used 
to represent the response of any resonant circuit in the neighbourhood 
of resonance provided Q is know and is large. 
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Fig. 20 - Universal resonance curve. 
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The analysis of the parallel (rejector) circuit of Fig. 
15\c) when the resistance of the coil is taken into account is more 
complicated than thet given above for the series resonant circuit, 
(See :— BR 229 Paras, 316 and 317; “AP 1093 Chap. V Paras. 48 ~ 53) 

A simple approximate treatment can be obtained using the 
results of Sec. 17. For any angular frequency W we may replace the 
series combination of L and R by the parallel combination of Ly and 
Rp as shown in Fig. 21(a), provided 

R= Rp Cos? g 
2 rm) Rp and L in’ wh tan ee SZ = L, sin* 9, where %, a BE 

The analysis of the network formed by Rp, Ly and ¢ in 

parallel (Fig. 21(b)) is then very similar to that of the network 
containing R, L and G in series, and the resonent frequency is given 
by 

At resonance the susceptance of C is exactly cancelled by 
that of Lp and the resultant impedance is the resistance Rp, called 
the Dynamic Resistance of the circuit. Gp, the reciprocal of Rp, is 

the Dynamic Conductance. The Q - factor of the circuit is defined as 

the ratio 

the magnitude of the susceptance of either kind at resonance 

the dynamic conductance 

and therefore 1 

q= Oro. Wr sway =, D , 
Sp & On, 

and this is equal toYrl = ten &, = the Q ~ factor of the coil at 
R 

the resonant frequency, 91, being the phase angie of the coil impedance 

at this frequency. 

Provided Q is large so that Q? >>-1, we may put Ly S= L 

and Rp == Q2R. Also, the substitution of the parallel network of 
Fig. 2l({a) for the- series arrangement may be assumed to hold for the 
same values of L, and Rp in the immediate neighbourhood of resonances 

The following relations then hold :~ 

@= 2. fi fk = BD/s; 
0 ncH R/C ° L 

f = ci. 
2 1. fC 

In all cases Rp = L . 
CR 
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The exact expression for t. can be obtained by substituting 

for Ly the exact relation 

Lig 
Ps 

L cosec* ¥ L Hl
 

L(l+R2 i) 
2 

Or 

Sincew® 1,0 = 1, this gives 

w2u(i+ ——) 0 zi 
we Le 

or we LC = 1l- oR? 
L 

Hence Ww = i L- rc —— / ee 
fic L 

: a = 1- ° Fee 

Unless G2 < 1 there is no frequency at which the sus~ 
L 

ceptance is zero, and the network is capacitive at all frequencies; 

(see Sec, 21). 

Effect of Parallel Damping on Rejector Circuit 

The value of @ for the undsmped circuit (i.e. containing no 
additional damping other than the series resistance R) may be denoted 
by ,@, and the corresponding dynamic resistance by (kp. If additional 

resistance R' is placed in parallel with the network, Rp is corres~ 

pondingly modified, and may be denoted by 4Rp t= 

1 1 
1Bp oD 

The Q ~ factor of the resultant circuit is modified accord 
ing to t.e relation 

+ ey 3 (Fig. 21 (c)). 

@. 18 
a = i, so that for 

iD 

parallel damping, Q & Rps other parameters remaining unchanged, 

68



r uv
 A 
¥
v
V
 

ao
 

o 

(a) 

(b) 

iRo R/ 

(c) 

NOTE - 
EQUIVALENCES DENOTED == ARE VALID 
ONLY IN THE NEIGHBOURHOOD OF ONE 
FREQUENCY — fr 

Pigs 21 = Rejector circuit, 

Use of Universal Resonance Qrve 

Provided Q@ is large the universal resonance curve gives 
accurately the variation of impedance (or admittance) of a series or 
parallel resonant circuit in the neighbourhood of resonance. For 
exemple, consider an acceptor circuit fed by an EMF of constant 
amplitude , end variable frequency f; (Figs 22 (a)). The resonant 

frequenoy is f,, and Q and R are known, The current at TeSORANCS 

ieee, when the input EMF is of frequency f,,, is of amplitude i, = > 

At other frequencies the semplitude of the current is :- 

A A 
thus 4 = Vi = V4, v; _a i = 5 sop = cos gf = ip cos g. 

The universal rgsonance curve gives the variation of cos g, 
but plotted against QS. However » Bince ¥ anc f,, are knowm f can be 

Getermined from the relation 

§= f-fr 

f 

* 69



Chap.1, Sect 19 

co that f =f, (1+ 98); 

and for each value of Q § the corresponding frequency f can be found, 

vf 
(VARIABLE 
FREQUENCY) 

4 
(CONSTANT 
FREQUENCY) 

fr 

«) Log -- TTT 

Fig. 22 = Use of yniversal resonance curve. 

The response can then be represented as in Fig. 22(8). 

When the current is divided by 4 the curve shows the 

variation of the magnitude of the admittance. 

Alternatively, the EMF may be of constant amplitude q, 

and frequency f, while one of the reactive components is varied as 

dllustrated in Fig. 22(b). Provided Q is large and the series 

resistance of the circuit is constant, the universal resgnance curve 

may be used to represent the variation of the voltage across either . 

rer.xtive component as the resonant frequency is varied, é&g., the 
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capacitance of the condenser may be varied and the movement calibrated 

in resonant frequencies, For a given Q, f,. may be determined for 
each value of Q6 fran the relation 

f= t= t(1-Qé). 
1+ 96 Q 

Q 

The output voltage at resonance is Q Fis so that the 

variation is as shown in Fig. 22(b), The g-variation of v, is ob- 

teined by first plotting the variation of phase of the circuit ourrent; 
for f,>f, ieee, below resonance, the circuit is capacitive, and 

above resonance, for fy, f, inductive. The require phase-variation of 
the output voltage is similar, but delayed by 90° on the phase of the 
current, and hence appears as shown in the figuree This example indicates 
why Q is sometimes known as the "magnification factor". 

Fig. 22(c) illustrates the use of the universal resonances 
curve for a rejector circuit fed by an ideal current generator of con- 
stant amplitude i, but varying frequency f. The output voltage has 

smplitude %, where 

A A 
vy = Z Ax 

a 
= 4, Ry cos g. 

The method of determining the frequency seale is the same 
as for the series circuit discussed first. When the ordinate is 
divided by 14 the curve becomes one of impedance, 

20. QOUPIED CIRCUITS 

The theory of simple coupled circuits is considered in 

Service Reference Booksas follows:~ 

BR 229 Paras. 334 - 337. 

26Manusls/1577 Sec. 10 (and Chap. II app.B.) 

AP 1093 Chap. Vi. Paras. 25 - 31, 

A few additional remarks are made here with a view to 
presenting some of the results in the form in which they are used in 
the remaining chapters. 

Two simple series networks coupled by means of their mutual 
inductance are illustrated in Mg. 23. The primary circuit is 
considered to be fed by an ideal voltage: generator of EMF vg. The 

mutual inductance between the circuits 1s Mj the total secondary in- 
pedance (i.e, the impedance of the secondary circuit when M = 0) is:- 

Zo = Ro + J @Ly -_1_) R, C ¢ 2 2 a 2 
Op Hi 

The total primary ¥v “+ 
impedance, i.e. the impedance st 8, : Ro 
of the primary circuit when . Li La 

u-0O, is ° 

2, =R, + j WL, - 1 
i % “ wo, ds Fig. 23 - Circuits coupled by 

mutual inductance, 

a
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but it will be shown that this is not the impedance presented to the 

generator. 

The EMF induced in the secondary circuit due to 1, in the 

primary is 

=u ay v 
2 at 

= jomu 44. 

This causes « current i, te flow in the secondary cirouit given by 

is Vo JwMiy 

2 29 

Owing to this current an EMF is induced in the primary circuit given by 

at 

2 Wye 
poe 

2 

_ oe oy. 
zy L 

The net BF in the primary circuit is therefore Ve + My, 90 that 

ul 

Va WO 2ne 4 i q7 OM ea 
2 

and therefore the impedence presented to the generator is 

Zu YG move «4 a Bye 4 a 

4 35 
The second tearm on the right hed side of this equation is 

called the Reflected Impedance of the secondary cirouit. 

21. BROAD-BANDING 

The principle of Brosd-banding is one of wide application 
in radar circuits. In its extreme form the requirement is to design 

a network which will pass uniformly signals of all frequencies within 
@ wide band and which will reject all others; but for most purposes 
a rough approach to this ideal is satisfactory. Band-pass circuits 
are dealt with elsewhere, and this section is restricted to the con- 
sideration of a network which is essentially a simple type of low- 
pass filter: i.e. it gives a response which is reasonably wmiformm for 
low frequency signals, but which eventubliy falls off as the frequency 
is raised. 

The impedance of an ideal resistance is constent at all 
frequencies. In practice this cannot be achieved, particularly be- 
cause of unavoidable sinmt capacitance, which reduces impedance at 
high frequencies, This is illustrated in Fig. 24(a). For iow fre~ 
quencies, 

2 = R, 
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put for higher frequencies, at which 1 is small enough to be cam- 
we 

parable with R, the magnitude of the impedance is given by 

Z = R cos g, 

and this becomes very anall as 9 approaches -90°, ieee for WCR> 1. 

If a coil is inserted in series with R, as shown at (b), 
the increase in the impedance of the series arm as the frequency rises 
partially offsets the fall in the impedance of the condenser, and the 
frequency response is improved. 

I
N
 

(B) 

FIGURES ON THE CURVES 
DENOTE THE VALUES OF 6 

da é& 
Fig. 24. - Broadbanding; use of series inductance to 

counteract shunt capacitence. 

It is not practicable to use tne universal resonance curve 

for this heavily damped circuit, since the’Q - factor is very small. 
A more useful criterion is the Damping Ratio (See Chap 2, Sect.10), which 
for this circuit is given by 
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s-3/3 (mee 4h 
when Q is lerge). 

For C>1 there is no "resonant frequency" i.e. no fre~ 
2 

quency at which the phase-angle of the network is zero, but the network 

is capacitive at all frequencies. 

The variation of the magnitude of the impedance with fre~ 
quency for different values of § is shown in Fig. 24(c). The magni- 
tude of the impedance is maintained approximately equal to R for a 
relatively wide frequency range if S$ is made about 0-78. For 
sualler values of $ , i.e., larger L, the network exhibits resonence 
properties, with peaks to the impedance=frequency diagram which may be 

undesirable. For larger values of S$, is@e, smaller L, the bandwidth 
is reduced, Other slightly different values of S may be chosen for 
various reasons, ¢.g+, maximum constancy of phase- or time-delay in- 
stead of maximum constancy of the magnitude of the impedance, 
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