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CHAPTER 4 

TRANSMISSION LINES 

INCRODUCTION 

a. Qjrcvits With Distributed Constants 

The theory of circuits with “lumped constants", based on 
the laws of Kirchhoff, Ohm and Faraday, is really the theory of 
idealised circuits having no "sige", i.e., in which all significant 

dimensions are small compared with the appropriate wavelength. 
Although the components in the material arrangements have size and 
shape, with electrical and magnetic properties which involve the 
space around them, simple circuit theory reduces these complex pro= 
perties to those cf ideal resistances, inductances and capacitances, 

in circuits where there is no time delay between the application of 
an EMF at one point and the related voltage produced at another. 

A simple example is the tendency, in circuit theory, to consider 
only the components, or lunped constants, and to ignore the connec= 

tions which form, in low-frequency circuits, the greater portion of the 

path~length of a canplete network. The interactions between the currents 
in these connections, and the time taken for a wave to travel along them, 
are of major importance at high frequencies, 

The theory of circuits having “distributed constants" 
makes an attempt to widen the scope of the method of lumped constants, 
with considerable success. However, particularly at very high 
frequencies, there are many problems to which it fails to provide a 
Satisfactory answer, and it is often necessary to resort to the 
fundamental physics of electromagnetism, 

In this consideration of transmiasion lines, the transition 
from the theory of lumped constants to that of distributed constants 
will be preceded by a discussion of electromagnetic wave propagation 

formulated: mainly in terms of the current in, and potential differ=- 
énces between, the conductors which form the lines. The more funda- 

mental considerations of the behaviour of the electric and magnetic 

fields associated with such currents and voltages will be dealt with 

ia Chap. 5. 

2. ‘Transmission Lines 

In general terms, a Transmission Line is a device for guid- 
ing the flow of electromagnetic energy from one place, where it is 
available, to another, where it is to be utilised. The word Wave~ 
guide has precisely the same significance, though it is usual to 
restrict the application of this term‘ systems embodying a single 

tubular conductor (or dielectric rod, in sane cases) and to use the term 

Transmission Line for systems using two conductors (or more). 

A uniform transmission line is one in which the electrical 
properties of the line (per unit length) do not wry throughout its 
length; i.e. it usually has a constant cross-section, Non-uniform, 
or tapered, transmission lines are occasionally used, but their 
properties are not covered by this chapter, which is concerned solely 
with the behaviour of the uniform transmission line with two 

conductors. These conductors may be separate (parallel or twisted 

pair) or coaxial (concentric line}. The separation between the 

conductors must be small compare. with the wavelength, (see Secs, 7 

and 46 and Chap. 5, Sec. 12) 

135



Chap 4, Seot. 2 

Typical transmission lines used in radar are shown in Fig. 

106. The electrical properties of the lines depend not only upon 
the size, shape and disposition of the conductors, but also upon 
the dielectric which maintains that disposition, and the extentto 

which the arrangenent is constant, or varies with movement or 
change in atmospheric conditions. Where a uniform solid dielectric 

is used, with the wires embedded, as shown in Fig. 106({a), at is 
possible to maintain reasonably constant electrical properties by 

the exclusion of atmospheric variations and by the constant spacing 
which can thus be maintained between the conductors, The disadvan- 
tage of this type of cable is loss of energy in the imperfect di- 
electric. The other extreme is the open<wire feeder construction 
of Pig. 106(b). Here dielectric losses are low except at the 
spacers, which are cpt to cause serious trouble if they get very wet. 

TWIN SCREENING 
CONDUCTORS BRAID 

aw , BALANCED PAIR EMBEDDED 
me 1 4 (A) WN SOLID DIELECTRIC 

SOLID OUTER 
DIELECTRIC COATING 

77 

SPACERS 

COAXIAL WITH SPACING WASHERS 
(c) (NB There shotid be more than 

Srwashert per wavelesgth) 

TWISTED DIELECTRIC THREAD 

me) bai a 
>. = pas Cd COAXIAL WITH TWISTED DIELECTRIC SPACER 

‘OUTER CONDUCTOR 

(@} LINE WITH MATCHED SPACERS 

Pi_.iCo - Uyoical transmission lines used in radar. 

Their presence inevitably introdwes non-uniformity, which makes the 
behaviour of the line more difficult to predict and thus less easy 
to control. This problem of suspension also applies to coaxial 
cables with mainly air dielectric where the inner must be maintained 
in a position fixed relative to the outer. Various arrangements 
are illustrated in Figs. 106(c), (a), (e), showing how attempts are 
mede to satisfy both requirements, uniformity and low losses. 
Particular arrangements which avoid the use of dielectric supports 
are described in Sec. 29. Losses due to infuction and radiation, 
which may make open-wire lines unuseable as transmission systems at 
VEY, is dealt with in Sec. 6. 

Under certain circumstances, waveguides are to be preferred 

to twin=-conductor systems, aa discussed in Chap, 5, Sec. 5. 

Although the primary function of a transmission line is to 

transmit energy, other applications arise, particularly with short 

lengths of line; e.g., reactive circuit elements, resonant circuits, 

and impedame-transforming devices. In these special applications, 

as with all reactors, it is the atorage, rather than the *ransmission 
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Chap.4, Sect. 3 

of energy, which is more important. 

TRAVELLING WAVES ON UNIFORM LOSS-FREE TRANSMISSION LINES 

3. Application of Circuit Laws to Transmission Lines 

Por simplicity it will be assumed that in the ideal trans- 
mission lines about to be discussed there are no energy losses, 
Such conditions approximate to those encountered in the practical 
cables shown in Fig. 106, or in parallel lines in the form of broad 
metal ribbons, pictured in Fig. 107. Since the distributions of 
charge and electrio and magnetic fields in the latter case are more 
simply represented, the diagrams which follow will apply to this 
Lrerangenent. 

The evolution of a coaxial line from the ribbous is sugges- 
ted in Fig. 108, the ribbons being bent to form the inner and outer 
of a coaxial pair; the electric and magnetic fields associated with 
the current in the conductors are then confined to the space between 
them, as they would be, substantially, between the parallel plates 
in the original arrangement. 

Fig. 107 ~ Parallel lines in Fig. 108 = Bending parallel plate 
form of broad metal ribbons. lines to form coaxial pair. 

It can be shown that electromagnetic waves may be propa~ 
gated without distortion along such a transmission line with a 
velocity u where 

. 2 
us 5 Ly and Cy being the Viy% 4 4 

inductance and capacitance per unit length of the line. 

Moreover, at any portion of the wave, a change in potential 
difference between the conductors is always related to a change in 
the wave current flowing in ttt 
the conductors by the re= atidttsete 

lation i | ELECTRIC 
(a) ‘ra hilt 

av Jie ii FIELD 
am «SS ig Hoa eee eee 

di c CHaRGe 840 
DENSITY <¢ 

A method of deriving 

these fundamental results (b) 

is given below. A LINE 
simpler approach is LENGTH @ 

: o 
given in Section 11. Figs 109 - Instant : e 

distribution on a section of the lines 
of fig. 107. 
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Chaps, Sect. 3 

KH 

Derivation of Formulae 

Suppose there is at any instant a charge distribution on 
the line ss illustrated in Fig. 109. This corresponds to the 
potential difference between the conductors shown in Fig. 110 and 
enlarged in Fig. 111, sinceVocQ. Considering the small section of 
the line of width 6f in Pig. 112(a), it is seen that there is a 
resultant potential difference in the circuit equal to bv (see Fig. 
112(b)). Since there are no other sources of EMF present, this 
must be due to the EMF induced by the changing current according to 

Faraday's law, 

* bv = ~-SL oh » Where 51, is the inductance of 

the small circuit. 

y ' v 
| i | 

! i i | 
LINE 

fo) LENGTH 5 Q 

Fig. 110 ~ Instantaneous Fig. 111 - Enlarged diagram 
potential distriution corres- showing potential distribution 
ponding to fig. 109. of seation 4. 

If Ly is the inductance per unit length of the transe 
mission line, 

SL = Lydl 

so that $vs ty Ba 84 

* 
i.e. ox = ty, oh obec eee ncesecncvenscsecessel( hs 

Leéé 
There is thus (b) 

present at the sloping 
portion of the ’pulse' . i bev 
& current changing with ( 

time, so that the pulse j 

cannot be stationary. 
§ iis the differance 

in current between the / 
two onds of the section, ~«-""~ ri 

Vv 

(¢) EQUIVALENT CIRCUI 

CC. 

(see Fig. 112(c)), ' me Cy bE 
Leena § | 

Fig. 12 = Enlarged diagram of section 
of line of length 5f , with currents and 
voltages. 

indicates a change with length { for t constant- 

indicates a change with time t for ¢ constant. 
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Chap, Sect. 3 

84 = = 2 (&q) 
. at (If the current increases 

the charge left on the 

se o (cpSev) line decreases; hence 
ot the - sign) 

a e:) gar 8e. 

Hence a4 od Cy av on cevavcccccnsovenvocvecsssse( ape 

a at 

We shall now show that relations (1) ani (2) are consistent 
with the pulse travelling without changing its shape, either to the 
right or to the left, with velocity dfs u= 1 > and such 

that ay > |e 
Cc 

From (1) we have;~ oy = -L, oi 3 a4 

o€ 

Combining these results, we obtain:- 

vs + J/i andus + 1 . 

t SEG ey 

fhe relative dispositions of voltages, currents, electric and 

magnetic fields and direction of - propagation are illustrated in Fig. 
313, _ She potential difference ¥ is in, opposition to the electric 

Tiela &, while the current 1 is related to H by Ampére's rule, &. 
B and @ form asKignt-Handed Sat of orthogonal vectors; i.¢., 

ES H and @ are always arranged at right angles to one 
another so that a positive (clockwise) rotation tprough a right angle 

about re will move z into the position of i * _ rt follows that for 
two waves travelling in the same direotion with B vweotors alike, the 

H vectors must also be alike, whilst if the # veotors are in opposition 
so are the H” vectors, A reversal in one but not the other is possible 
only for a wave travelling in the opposite direction, Of two pulses, 
travelling in opposite directions along the same transmission line, 
either the electric or the magnetic fields must be in the same direction, 
but both cannot be. 
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(a) (b) Ee) (d) 

RELATIVE DIRECTIONS OF E.H.u. 
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CORRESPONDENCE BETWEEN ¥V.i,E.H.u 
SHOWING VARIOUS POSSIBLE DISPOSITIONS 

Fig. 113 ~ Spatial relations between v, i, E, H, and 
u for a travelling wave. 

4, Interference 

When two pulses 
travelling inqpposite direct- 
ions on a line encounter 
each other, the resultant 
distribution can be found by 
adding the voltages and 
currents of the component 
waves. It follows from 
the previous paragraph that 
wherever such pulses meet 
there will be a partial 
cancellation of the magne~- 
tic field and an enhance- 
ment of the electric, or 

vice versa. This is 
illustrated in Fig. 114. 
Although the resultant 
wavee-pattern is said to 

be due to the Interference 
between the two waves, 
neither affects the others 
so called interference is 
merely a special case of 
Superposition (see Chap. 
1, Sec.6). This 
implies that each wave 
may be considered separate 

from the other, and the 
resultant effect obtained 
by direct addition of 
currents, fields and volte 
ages. 

NOTE A NEGATIVE CHARGE 
DISTRIBUTION MOVING IN THE 
DIRECTION OF u 
IS EGUIVALENT TO A CURRENT 
FLOWING IN OPPOSITION TO u 

Pig. 114 - Interference between 
two pulses of equal magnituie, 
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Chapt, Sect. 5 

5 Waves of Various Shapes 

A travelling wave on a transmission line may be of any 
shape, and, if the line is uniform ané lossless, it will travel 
along the line without change of shape, at a uniform velocity 

indepemient of the shape of the wave. This follows from the results 
of Sec. 3 which are independent of the shape of the charge distri- 
bution (shown in Pig. 4) and heme the shape of the wave. Figs. 
115, 116, and 117 show the line and time-distribution of voltage or 
current for exponential, rectangular and sinusoidal waves. In each 
case (a) shows the variation with time of the voltage vg (or current, 
since the two are proportional) at the generator or sending end, 
whilst (b) shows the corresponding instantaneous distribution on the 
line at the instant t = to. A construction line shows how one 
diegram may be obtained from the other; dy is the distance travelled 
in time (tg ~ t,) by the wave emitted from the generator at any 
instant t ,, so that 

41 = u(tg = t). 

x 
(a) 

VARIATION WITH 
TIME AT THE 
GENERATOR vn v, 

9 t t 

b= U(ta7 to) 
@: uite-ty 
€p = U(ty-ty)-O 

(b) 
VARIATION WITH 
DISTANCE ALONG 
THE LINE AT t=t. 

Pige 115 ~ Variation of line voltege or current 
for an exponential waves 

Similar equations hold for the particular cases /] =f, anil) =o, 
corresponding to ty. and to respectively, 

(a) Vs 
VARIATION WITH 
TIME AT THE 
GENERATOR 

' i 
i \ | 
| vy, V5 
ot. . Lt Figs 116 ~ Variation of 

° || ve line voltage or current for | 
a rectangular wave. 

i ‘ I 

v Ve £, 7 | . 

\ be | 
vi a 

To VARIATION WITH 
, |t DISTANCE. ALONG 

| | } THE LINE AT 
t=te 

u 

é 
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Chan, Seot, 5,6 

If the line is an infinite one the impedance which it 
presents to the generator (Input impedance, Chap. 3) is constant and 
independent of the type of wave, If finite » but properly terminated, 
the line appears to the generator to be an infinite line, and behaves as such, If the line is improperly terminated, reflections occur 
from the end, and interferences between the direct wave and reflected 
wave causes & change in the input conditions. The nature and extent ef these changes will be considered in Se 8 =~ 16, 

(ay Vs 
VARIATION WITH 
TIME AT THE 
GENERATOR 

Fige 117 ~ Variation 
of line voltage or 

vt) = ty sin wt current for a sinusoidal 
Bp | ---+-----—~--- j Vita) = Te sin (wt, 22E Waves 

(b) 
VARIATION WITH 
DISTANCE ALONG 
THE LINE AT t= to 

6.. Sinusoidal Waves 

In the particular case of the sinusoidal wave of Fig, 117, 
three conditions characteristic of travelling waves are particularly 
noteworthy:= 

(i) The amplitude of the voltage variations is the same for 
all points of the line, and similarly for the current variations. 

This is ebvious from preceding paragraphs. 

(ii) The variation of phase with distance is given by the 
relation:+ 

g = £, ~ ant » for both voltage and current. 
rN 

g,is the phase at the sending end. 

This follows if we define the wavelength, A, as the len= gth of the line over which the phase variation at any instant is 2n, 
Since the phase at the generator varies uniformly with time, and the 

- distance travelled is proportional to time, the phase varies uniformly 
with the distance along the line, 

(413) The input impedance of the line to an applied sinusoidal 
Eur is the characteristic impedance fue . 

Gy 
We have shown that, for a wave travelling along a uniform loss= 

free line, at any point the ratio of change in voltage to change in 
current is constant and equal to / iy 3 this implies that the voltage 

and current are in phase, i.e. that ‘the impedance is a pure resistance 
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Chap4, Sect, 7 

of value /Ly. This impedance is called the Characteristic (or 
Cc 

Surge) Impedance of the line, and is denoted by Ro. (The recipr= 
ocal of Roy Go, is the characteristic admittance. The character= 
istic impedance is purely resistive only for tne case of a distor= 
tionless line (see Sec. 19). Im the general case of a line which 
is not loss-free the characteristic impedance and admittance are 

complex, and are denoted by zo and ye respectively. ) 

7.  SBlectromagnetic Waves on Transmission Lines 

The typas of waves which have so far been considered do not 
cover all the mdfles in which electromagnetic energy may be propagated 

along transmission lines. Such modes may be grouped into two main 

classes:—- 

Principal Modes, 

Supplementary Modes. 

Principal Modes 

These are the progressive waves normally used in transmission 
lines, and those which have been described in Secs. 3 = 6 belong to 
this category. The notable features of these waves, wnen the trans- 
mission lines are perfectly conducting, are the following:- 

(i) They are propagated at the speed of electromagnetic 
plane waves in an unbounded medium, ‘This speed u 
ds given by:~ 

us on 

JEp 
Where c = 35 x 108 m per second, and K and mare resp- 

ectively the dielectric constant and magnetic permea~ 
bility of the dielectric that fills the space between 
the conductors. It is independent of frequency. 

(ii) They are transverse electromagnetic waves: that is, the 
vibrations of E and H take place everywhere in planes 
(the wave frouts) at right angles to the direction of 
propagation (along the axes of the lines); also BE and 
H vibrate in phase, 

(iii) The electric field E and magnetic field H are everywhere 
at right angles in the field pattern, 

{iv) The ratio of the field strengths E ani H is the same at 
all points, Thus in the MES system of units. 

EB 120 x ./ fy EB in volts per metre) 
x” [76 obs fa in amperes per metre) 

(v) At a cross-section where the potential difference between 
the conductors is v a skin current i flows (at high 
frequencies) in the surface of one conductor and an equal 
and opposite current in the surface of the other. When 
a single sinusoidal wave train passes any cross-secti 

the potential v and the current i oscillate in phase and 

their ratio v/i remains constant and the same at all 
times for all cross-sections, This ratio which is 
fixed by the geometry of the system and the dielectric 
constant of theseparating medium ds an important property 
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Chap4, Sect. 7,8 

of the particular transmission line system, It is 
called the Characteristic Impedance of the system and 
is usually denoted by the symbol zoe 

Yous, if v and i are complex numbers reprosenting the 

voltaje and current at any section of the line, then 

Vo= Zo te 

Supplementary Modes 

Other modes of propagation, each with its own field pattern, 
ean be propagated along a transmission line, in addition to the 
usual principal mode. In these supplementary modes the cLectro= 
magnetic field, as in wave guides, possesses either a component of 
E (B-modes) or of H (H-modes) parallel to the direction of propaga- 
tion, These modes, like the waves in waveguides, exhibit the 
phenomenon of cut-off, For each there is a cut-off frequency which 
is determined by the geometry of the transmission line system, In 
normal practice the specing of the transmission lines is small in 
comparison with the wavelength and the supplementary modes can 
appear only as Evanescent disturbances, as described in Chap. 5, 
Sec, 12. 

At @ geomerrice] discontinuity in the transmission Line 
system such as a sharp bend or a shunting load, the eleotromagnetic 
field assumes a complicated form and in general possesses longitud- 
inal as-well as transverse components, It cannot therefore be 
represented by principal waves alone, Thus, supplementary modes 
also are excited at the discontinuity. In practice all supplemen~ 
tary modes will be evanescent and at a sufficient distance from the 
discontinuity their field anplitudes becom negligible compared with 
those of the principal waves. 

Evanescent modes carry no power along the transmission Lines 
and their E and H fields are storage fields similar to those of a 
condenser or an inductance. The storage field excited by a dis= 
continuity does in fact contribute an effective shunting reactance to 
the transmission line at the discontinuity. A consequence of this 
reactive behaviour of evanescent modes is that the effective value 
of the impedance zy of a circuit component, such as @ resistor, when 
added in shunt across the line my be quite different. fram its 
nominal value 2, that would be anticipated from its electrical 
behavicur at low frequencies. 

The présence of evanescent modes begins to be important at 
wavelengths of 13 metres and is very important at wavelengths of 10 
centimetres and less. At wavelengths greater than a few wetres the 
effect of the storage fields of the evanescent modes excited at dis=- 
continuities may be neglected. 

The usual theory of transmission lines is the theory of the 
principal wave and ignores the behaviour of supplementary modes. 
From what has preceded it is apparent why the stendard treatment is 
adequate when the wavelength exceeds a few metres but gives an 
incomplete description of tranamission line phenomena at “avelengths 
less than 15 metres, 

UNIFORM LOSS<FREE LINES: REFLECTION AT THE TERMINATION, AND I'2S EFFECTS 

3. ° Reflection of s Rectangular Wave 

We shall assume that the line has a characteristic impedane. 
which is purely resistive and of value Ro, independent of frequency, 
and that the electromgnetic disturbances considered are propage ted 
without distortion along tne line with uniform velocity ui. 
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Chap, Sect. 8 

A DC generator whose output resistence is Rp, is connected 
to a section of uniform line 
of length’, terminated in Rp 
which is not necessarily equal 
to Roe The circuit is shown s 
in Fig, 118(a). Initially @) if o~ 
the line is uncharged, and 
the current everywhere is Ro Rr 
zero. AS the switch S is 
closed, a wave begins to uf a 
travel from the sending to O-—-O 
the receiving end of the e ——— 
Line. Current flows in UNCHARGED LINE: S OPEN 

both Sorrie. 118(8) and 5 ; 
ated in Fig. 118(b) and eg = 
the line becomes progress=. (b) “4 
ively charged. Ro | 

Vv Rr 

If the open=circuit vA 

EMF of the generator is Vo TH 
volts, the voltage Vy 
which is impressed on the S CLOSED 

line is Vo , am the Fig. 118 = Application of a rect- 
zr angular wave to a transmission line, 

eurrent I, which flows in 
the travelling wave is 

Vs = Yo : 
Ro 2R, 

L The suffixes + and =~ refer to the waves traveliing away from 
and towards the generator respectively. The suffixes r and s refer 

to the receiving and sending end respectively. 

When the wave front reaches the receiving end current begins 
to flow through the load, and a potential difference is set up across 
the load resistance Ry If R,. = Ro, the energy of the wave is 
completely absorbed in the termination, and the same conditions 

obtain on the line as if it were part of an infinite line, The 
energy absorbed by the load must be supplied by a load voltage Wy 
and current Ty satisfying the relation 

and if i, which equals Ro, is not equal to R,, such conditions cannot 

be maintained without some energy from the direct wave being "rejected" 
by the load. A wave is then reflected back towards the sending end 
as if the termination behaved partly as an absorber of energy and 
partly as a new generator, If Rr > Ro, the voltage developed across 
the load is greater than V+, whilst if Rr < Ro, the current through 
the load is greater than I+. In both cases the resultant load volt- 
age and current must arrange themselves in the ratio 

Vv, 
i * Br: 

It is convenient to represent the line as consisting of an 
upper and a lower conductor having a sending end on the left and a 
receiving end on the right, and to, adopt the following sign conven= 
tions;= 

(i) for a wave travelling away from the sending end (direct wave) 

voltage is measured positively from the lower to the 
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Chap. 4, Sect. 8,9 

upper conductor; conventional current is measured 
positively to the right in the upper conductor, and 

to the left in the lower conductor. 

ii) for a wave travelling towards the sending end (reflected Pc) ng ng 
Wave 

voltage is measured as before, positively from the lower 
to the upper conductor; conventional current is measur=- 
ed positively to the left in the upper and to the 

right in the lower conductor, 

9. Coefficient of Reflection 

Suppose a fraction p 
of the sending wave of Sec.8 
is reflected, so that the Ro 
resultant (the voltage is 
Vy + pVy, (the charge density ( _ Loap 
of the reflected wave being 2H, C) ty, 227 IMPEDANCE 

times that of the direct 
wave). Since the ratio of 
voltage to current in any 

wave transmitted by the line . ‘ ‘ 

is Ro, the magnitude of the Fige 119 - Equivalent circuit. 

current in the reflected 
wave is e Ve = pIye 

Ro 

Thus Vy = Vy + e Ve andIy =I, - pis the current of the 

reflected wave being in opposition to that of the direct wave, 

Heme VW sz Ve (1+p) 

YY & (=p) 

Lee. Rr.= Ry {1 
1 =p 

1. @. Pp = Rew Fo , 

Ry + By 

is called tne Coefficient of Reflection, Its magnitude 

varies between +1 (for Ry = ©) and -1 (for Ry = 0); and it is zero 
when Ry = Rg. (The case where p is complex is dealt with briefly 
in Sec. 13). 

It is sometimes convenient to use the equivelent circuit shown in 
Pig. 119 for deriving the voltage ani current produced at the load by 
& wave which travels to, and is partly reflected fran, the termination. 
The equivalent generator voltage 2(v4, yr is twice the instantaneous 
value of the voltage of the direct wave measured at the receiving end. 

This circuit is walid for any type of wave and is particularly useful 
in transient problems where the nature of the direct wave is known, 
since it gives the load voltage and current directly without the 
resultaut Line voltage having to be determined first. 
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Chap.4, Sect. 10 

(a) 

t= I+ = 

LINE LENGTH 
°o f . 

q 
(b) REFLECTED 

t- a I+ oa oes STEP 

° z Figs 120 ~ Current ani 
{e) voltage distribution on 
t% at (Ire) Be the line of fige 116 at 

STEADY STATE i various intervals after 
t elosure of switch S 

(a) (Deen for R, > By). 
tf V+ — 

° t Z 

(e} 
t-8T y % Tl 

° Z 
(ft) 

t™= at 
STEADY STATE (-@)Va= e. 

¢ 

10. ed a ¢ ont 

The voltage and current distribution on the line of Fig. 118 
at various intervals after the closure of the switch 8 are shown in 
Pig. 120. The conditions at the input terminals are shown plotted 
against time in Figs. 12] and 122, It should be noted that since 
the generator output impedance is Ro, the conditions at the load 
efter time T, and at the generator after time 2f are the same as if 
the line were a "short-circuit", in series with Rp. If the generator 
output impedance were other than Ro, further diminishing reflections 
would occur alternately at both ends and would persist until the 
steady condition were reached corresponding, as before, to the 
sokution which would be obtained by simple direct=current .theory. 

1. {CURRENT AT senowne| Ig 
S'END OF LINE” 

Ve 1+ J 

it “T | GONRIR (OH (-O1e Bes 
(a) : 4 

a aL t rn ‘ 
Vg VOLTAGE AT SENDING iS 

END OF LINE T_T Vv Mtoe ee 

VaR (b) V+ RR 
(b) V+ UF OV Em aR > 

) T oT t 8 T a ‘ 

Pig, 121 ~ Coniitions at input Pig, 122 ~ Conditions at input 
terminals of line shown in fig. 118, terminals of line shown in 
drawn for R> R, ( ¢ is positive). fige 118, dram for B.< R, 

( p is negative). 
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For practical purposes, except in cases of severe mismatching, 
the steady state is reached to a sufficient degree of approximation 
after a few transits of the line, 

ll. Deduwotion of Line Oharacteristics 

The fundamental characteristic properties of a- uniform loss- 
less transmission Line have been deduced in Sec. 3, An altemative 
derivation, based on energy considerations, is given below, We 
assume certain properties,already demonstrated, namely, that the line 
is distortionless and has a characteristic impedance which is a pure 
resistance; also that the wave of Pigs. 118 - 122 takes a finite 
time to travel along the line, so that the conditions at the sending 
end remain constant from the closure of the switch until at least 
t = 2f, when the front of the reflected wave, if any, returns. Thus, 
whether the line is short-circuited or open-circuited, or has any 
other termination, cannot be known at the generator until t = 2?. 

If the total line capacitance is C, and the total inductance 

L, the following relationships obtain for a :xnerator of internal 
resistance Ro. 

At the end of time t = 27 the conditions are:- 

Short-circuLted line 

Ig = 21,, Vg = 0, so that there is no energy stored in the 
electric field, The energy stored in the magnetic field is 

(21,4) 
= are 

Open-circuited line 

Vs = 2, Ig = 0, so that there is no energy stored in the 
magnetic fiela.* The energy stored in the electric field is 

3 6 (2V,)2 

2 
zs 20 Vy 

in both cases the energy supplied by the generator is V, I,. ef. 

Hence = 2 Te 2L1,2 = 2cv,? 

Le. Vv. L £ 
ror” ¢ 

ThereforeT* = IC so that T =./I0 3 

andy = it = /k 

: + 

If the length of the line is ¢ metress- 

vz * Ly is the inductance per unit length; 

fe cy is the capacitance per unit length. 
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Chapel, Sect, 12 

Then T = /f/I0 = flL, £Cy 

al fly Oe > 

Therefore the velocity ‘of propagation ia wu = L 
vi 

= 1 
Jip Cf ; 

12, Discharge of Open-circnited Line 

In the arrangement shown in Fig. 123 a section of uniform 
loss-free cable has been charged, so 
that there is a potential difference 5 
of Vo volts between the conductors, ++ +++ + +++ +%* 4% 
which are not connected at either 1 f 
end. ‘The switch S is closed at CHARACTERISTIC 
t = O and the line begins to dis» Vo RESISTANCE = Ro Re 
charge through the load resistance | 
Bp nnn RR 

( The drop of voltage 
Vo ~ Vz) at the eni which is 

suddentiy terminated in Ry my Pie nee pigobarse of open- 
be regarded as a rectangular ciroulted line. 
voltage wave travelling away from 

Ry ,a8 shown in Fig. 12h (a) and (b). 

When this wave reaches the open circuit after time T, the 
entire line has been discharged to a new level V1. At this 

instant total reflection occurs and a second voltage wave, also of 
magnitude (Vg = Vy), begins to travel from the open circuit towards 
Ry (Pig. 124(b) and (co), This wave will reach Ry in time T after 
its inception, i.e. in time 2! from the closure of the switch. 
Prior to thie time the load Ry must remain insensitive to any ref= 
lection effects. 

(a) I (b) 
v 

(wave FRONT 

No} A j— Vo 
“sy ReER, — -V, otRe |= 

Wow} DISTANCE OISTANCE 
{e) g FROM §S ° € FROM S 

BEFORE REFLECTION OCCURS 

v T 
(c) (d) 

1 Vo WAVE FRONT 
vi a RGRe =| 

(VeVi) | DISTANCE ” DISTANCE 
0 2 FROM S&S Oo @ FROM § 

AFTER REFLECTION OCCURS 

Figs 124. = Line distribution of voltage anid 
current befora and after reflection cocurs. 
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The voltage developed across the load is initially Vu it 

remains at this level for an interval 21, and then changes to Vo. 
We shall consider the relative magnitudes of Vg, Vy, Vo etc., in 

relation to Rp and Ry « 

Initially, the line acts a generator of Ei Vy and output 

resistance Ro; thus the voltage developed across the load is 

given by:~- 

Vu = Vo R £ e 

Ro + Ry 

A negative voltage wave of megnitude V,,_ Ro travels along 
Bo + Ry 

the line towards the open circuit, ‘this is reflected from the 

open circuit, leaving the line voltage 

Vo - 2 Vo Ro = Vv (Re - BR) 

Ro + By Oo Rg +R 

= PV,.Where p is the reflection 
coefficient for the lead Ry. The line current is then zero, 
Immediately after the first period 2% the conditions are the same 

as at the closure of the switch, except that the line is charged to 

a voltage PV, instead of Voe The whole process is repeated, with 

Vo = pVy, and after time AT the line voltage is reduwed everywhere 

to p@ Vg and a third voltage step p Vy begins to appear across the 

load. 

(a) vp 

M 

Fige 125 - Voltage 

aor 7 ey vg developed across load 

(9 POSITIVE) aT at er t with (a) p positive 

(b) ” (b)p negative. 

ap eR M ey 

(@NEGATIVE)® [lev f ;— t 

(a) Te 
I= Vo 

RotR, 

Pig. 126 = Current T 

through load with (a >Re Ta 
p positive and (b) (@ POSITIVE) O a tt a 

p nega tive. 7 

(b) h : 
et 

Re< Ro oT 
(@ NEGATIVE) 0 QL | = t 

The sequence is pictured in Figs. 125 and 126, In each 

figure (a) refers to the case where Ry > Ry and (b) refers to the 
case where Ry < Rye ‘The decay in the energy stored in the line 
(Fig. 127) is quasi-exponential, similar to the decay of energy in a 
discharging condenser, except that the process is stepped in the former 

case and smooth in the latter. If = Oi.e. if R i Ro; the 

line is completely discharged after 22 secs, 
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_ J PONENTIAL CURVE 

4 TOTAL AREA UNDER P - CURVE 
~ = Tve i 

Fige 127 - Power 
dissipated in load. 

VeRe P, = 
(RERz) 

2T 47 6T 

P= POWER DISSIPATED IN LOAD 

13. Reflection of Sine Waves 

The instantaneous conditions of reflection at the receiving 
end of the line are exactly the same for a sinusoidal as for a 
constant voltage wave, but the pattern of the interference between 
the direct and reflected waves is more camplicated because of the 
sinusoidal variations, These two sine waves, travelling in opposite 
directions, interact as illustrated in Fig, 128. 

(The suffix+ is used to indicate thedirect, and -, the 
reflected wave.) Thus v and i, the resultant voltage and current 
at any paint on the line are given by;- 

vor Wy +t Vo, tos iei. 

At the termination, (w)y =p(%), 

ant (ix), =p (i), 
The phase of vy, at a distance £ fran the temmination, is 

advanced on that of (v,), by 2n¢ radians; whilst the phase of v., 
nv 

at the same point, is delayed on that of (v_), by the same amount, 

(It is comonly found that these statements are not readily 
appreciated. What should be clear is that the wave which has 
travelled farther must be more "stale", since it issued from the 

generator earlier. The later it issues from the generator, the more 
recent the phase, ) 

DISTRIBUTION AT DISTRIBUTION ONE QUARTER 
SELECTED INSTANT CYCLE LATER ' 

INSTANTANEOUS INSTANTANEOUS 
VOLTAGES VOLTAGES 

Vb Smee eee Vib mee 
Vv —Ss eee ee Vv — seer 

Fetal os ; no ae 

(a) / \ ;j \ ‘c) i \ i \ 

iY FS ee YF 4 
wk is \ LINE No. f Kos LINE 

oe Lm LENGTH = OL — tt 7 1 LENGTH 
/ :/ \ \ iv \ Vv 7 . if vod . \y . ‘ \e 

Ae on d Seth f erat 

ar iv; / \ / 
ar wa Y wa 

ve(V4)+(V-} v=(vt)4(v-) 

VARY 
RESULTANT OF WAVES AT (a) RESULTANT OF WAVES AT (c) 

Fige 128 - Interfereme between direct and reflected 
sinmuscidal waves. 
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If the terminating impedance is not a pure resistance there 
will be 4 phase difference between (v,), and (v_),; indher words, 

Pr Will be complex, In this case 

p = (v.) y and Ipl = (Wp s v 

(v4) (%), Re 

since the amplitudes of the direct and reflected waves are the same 
at all other points as at the termination, the line being loss-free, 

The phase difference between v, and v.. will in any case vary 
with { , the distance from the receiving end, and will increase by 
2m as f increases by A. Aad is varied there will be found 

2 
points at A intervels at which v, and v_ are always anti-phase, and 

2 
others midway between themat which they are always in phage. The 
former points are called voltage nodes, and the peak wlue of the 
voltage at these points ist, -% «2 % (1- Ipt )o 

The intemnediate points are called voltage antinodes and the 

peak voltage there is {+ % = %, (L+ ipl ). 

It may be shown that voltage nodes are current antinodes, md 
vice versa, At a current node, the peak value is qt, (1- lp 
and at an antinode, GZ, (1+ Ip! ). 

The ratio maximum peak value for either current or voltage 
minimum peak value 

is called the Standing Wave Ratio (SWR). For a loss-free line, the 
SWR is given by:- 

“a aA A A 

se w+ 2. dell « Beh, 
% ° ¥ 1 = 19! 3. 
+ ~“ p e+ 7 40 

This definition will be generalised later to include lossy 
lines, where there is a SWR for each point of the line (Sec. 24). 

ata voltage antinode, 

t= % (le ipi ) and i= 2. (1 = Ip ). 

At such a point the magnitule of the impedance is a maximum 

given by:- 
“A 

Zs xt +i ; 
g (el 
+ 

= BS. 
nw 

Hence Sa 2 
Ry ¢ 

Similarly it may be shown that, at a voltage_node, the. magni- 
tude of the impedance is a minimum % and that S = =" 

At all nodes and antinodes the impedance is purely resistive. 
Fig. 128 shows how, in the region of interference, the three propert- 
jes which were found to hold for travelling waves (Sec, 6), are 
changed fundamentally to become:= 
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Chap 4, Sect. 13,14 

(i) The amplitude of both voltage and current varies from 
point to point on the line. 

(ii) The variation of phase with distances is, in general, 
much more complicated that for travelling waves. 

(111) The input impedance of the line depends on both the line 
length and the termination, 

It is useful to consider the particular cases of open-circuited 
and short-circuited lines. It should be noted that the direct wave 
may always be divided into two parts, one given by (1 - p dy, and the 
other bypv,. The second part is identical with the reflected wave 
except in direction of propagation, and the interaction between them 
is the same as that which follows reflection at an open circuit, 
Hence the composite wave my be split into a travelling wave (1 -—)v, 
and what is called a Standing Wave, of amplitude 2 Ip!'¥,, as will be 
shown in subsequent sections, Energy is transmitted by the travell- 
ing Wave only, the standing wave storing, and not transmitting, energy, 

When the amplitudes of reflected and direct waves are equal 
(p= +1) the standing wave prodwed is sometimes called a Complete 
Standing Wave. In such a case the voltage and current falls to 
zero at the respective nodes, Otherwise the distribution my be 
termed a Partial Standing Wave, 

LU. Standing Waves on a Uniform Open-Circuited Losa~free Line 

The line distribution of the steady voltage and current at 
successive intervals is shown in Pig, 129 for a uniform lossless 
line tefminated in an open circuit. Direct and reflected waves 
are shown, together with the resultant voltage and current distrib= 
utions. It will be seen that at even multiples of 4/4, (multiples 
of A) from the termination, the amplitude of the current is zero 

2 
and that of the voltage is 2 Tino Similarly at odd multiples of A 

4, 
from the termination, the yoltage is always zero and the maximum 
value of the current is 23,. The voltagesat all points between 
tio consecutive voltage nodes are in phase, and are antiphase with 
those of the adjoining half-wavelength sections. Atany point 

the current anil voltage are in quadrature. 

The relation between voltage and current at any point on the 
line may be determined from the vector diagrams of Fig. 150. The 
phase of (v,), is taken as the standard phase, ani this lags the 
phase of vy, a distance 4 from the open circuit, by a phase angle 
6 redians where 9 = 2nf. Similarly, (v.), leads v_ by the same 

a 
phase angle. 

For 0 <{< A, the phase ofthe resultant current is shown 
& 

in the figure (b) to lead that of the wiltage in quadrature, i.e., 
the short section behaves, in the steady state, like a pure capact- 
ance, Ce, (the equivalent capacitance), 

where 1. ~ cot g. 
oc, 7 ~%" Ro # 

For\ < ¢ < A, ¥ leads i in quadrature (c),so that the line 
4 2 
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Chap 4, Sect. Ly 

"looks like a pure inductance Lg wherewle = X = - Re cotg 
=Rotan(g-m). 

For largsr values of{ the effective capacitance and induct- 
ance repeat for every additicnal quarter-wavelength of the line. 

The input reactance is given for all values or f by the 
equation X= ~R, cot f. Its variation with ¢ is shown in Fig. 131. 

(gy VOL ACE WavES ON Aw 
OPEN CIRCUITEDS UNE 

tro g S33 a 

Sn of 

tal eae 
4 ~woLoee se 

=t L SN t=5 =z <—— _ 

rt Qe 
4 ee SS 

tw 2T = > eS 

(p) CURRENT WAVES ON AN 
“ OPEN- CIRCUITED LINE 

weer DIRECT TRAVELLING WAVE 

~-~ REFLECTED TRAVELLING WAVE 

w——— RESULTANT STANDING WAVE 

€=DISTANCE FROM TERMINATION © 

Fig. 129 - Line distribution 
of voltage and current at 
successive intervals for uni- 
form open-circeulited loss-free 
line (steady state), 

V+ 

‘ar 
ee 

Ve 

(pb: CONDITONS AT DISTANCE ¢ 
“ROM TERMINATION FOR d<¢<} 

“7 ™, Ve 
I+ ete ” ge 

| ae 
| val ge 

ce) CONDITIONS At DISTANCE ¢ 
F OM TERMINATION FOR a < <a 

Figs 150 - Vector Glagrams showing 
relation between voltage ani current 
at various distances from the 

termination (open-cirouited line). 

Fig. 131 - Variation of input 
reactame of open-circulted line 
with line-length 
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15. Standing Waves on a Uniform Short-Circuited Loss-Free Line 

The conditions maintained at a short circuit, vig: v, = 0, 
sz «1, are the same as those which arise on an open-ci reui tea Line 

at a voltage node, i.e., at odd multiples” of A fromthe open circuit. 
& 

Since the standing wave distribution for the open-circuit case has 
already been established, it is convenient to deduce that for the 
short-circuit case by omitting from the Pormer diegrams the last 

4 
section of the line. 

~ a 
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N \ \ i / ’ 

, ‘ ' , I 

| 
4 Md
 

+ ) 7 | 
s > et ea ao a 

t= gz <= —— a ie uM V4 
a Ae En We 

Be 7 
(a) VOLTAGE WAVES ON A |e 

SHORT —CIRCUITED LINE ry 

(b) CONDITICNS AT DISTANCE & 
FROM TERMINATION FOR O<€<% 

wen ae v 

—~ <= “ed ae osBeye 
tel 4 NS of ; Ads ae ae 

—== _ 
+ Be 

tal ai a7 (¢) CONDITIONS AT DISTANCE 
2 re FROM TERMINATION FOR Reed 

te 2 A = 
4 Soa Ss= Wig. 133 - Vector diagrams showing 

relation botween voltage ani 
ea ourrent at various distances from 

t= 2 = SS the termination (short-circuited 
™ line. 

(b) CURRENT WAVES ON A 
SHORT~CIRCUITED LINE 

—— DIRECT TRAVELLING WAVE x 

--- REFLECTED TRAVELLING WAVE 

—— RESULTANT STANDING WAVE 

2 or é 
Fig. 1352 - line distribution of 

| 
voltage and current at 

Fig. 13) - Variation of input 

successive intervals for uniform 

short-circuited loss-free line 

reactance of a short-circuited line 

with line-Length, 

(steady state). 
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The line distribution thus obtained is shown in Fig. 132, and 

Fig. 153 gives the vector diagrams showing the relation between 
voltage and current at the sending end of various lehgths of line 
in the steady state. Fig. 134 gives the variation of input reactance 
with line length. 

Analytically, it will be seen that the two sets of diagrams 
for the open-circu?t and short-circuit cases are mutually inter- 

changeable by substituting voltage in one for current in the other, 
and vice versa, 

It follows that the input susceptance of a short-circuited 

line of length { is B = =-1 cot $ , so that the input reactance is 

Ro 
X = Ry tan # , as shown in Pig. 134. 

16. Input Impedance of a Uniform Loss~Free Line for any Termination 

For a line of length / and characteristic impedance Ro, term 
inated in zy, it may be shown that ne input impedance is;- 

2K. 

2g = Ro, Zp + Jo tan “X" ’ 
Ro + j 2, tan 27¢ 

A 

If Zp is a pure reactance, s0 is Zge 

If ty = Ro, 2g = BR, as has already been shown. 

If zy is a pure resistance other than Ry, or is partly reactive, 
then zg is in general neither a pure resistance nor a pure reactence, 

If zy is a pure resistance equal to Ry, the input impedance 
is resistive at 811 multiplea of A from the receiving end; the corres= 

4 

ponding values of Zg are Ry at multiples of A from the termination, 
RB, 2 

and _ at odd multiples of A. For all other lengths of line the 
r i 

magni tude of the impedance lies between these two limits, Ry and 

R 
2. 
Ry * 

On a loss-free line the input impedance is always resistive 
at nodes and antinodes, and alternate values have a geometric mean Ros 

Also, at intermediate M/ 4 points the magnitude of the impedance is Kye 

FUNDAMENTAL LINE CHARACTERISTICS 

17. Distributed Elements for a 

Loss-Free Line 

We have shown in Secs, 6e se 
3 to 6 that if a line is Leg lee 

less, it presents a resistive 
impedance to a generator 

capable of transmitting an ---- 

electramgnetic wave without se 

~aty Lota «onal oon connected to it. The veloc ~~~ a--- 
= Leb Lyfe 

ity of propagation is ee ez 
us 1 and the value we | 

Ly og 
of the characteristic resis- Fige 135 - Representation of uniform 
tance is fhe where Lp ana lossless transmission line as an 

Cp . equivalent ladder of infinitesimal 
filter sections, 
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Cy are the values of the inductance and capacitance, per unit length, 
respectively. These results, when compared with those of Chap. 3, 
Sec. 10, suggest that a line may be represented by an equivalent 
arrangement of low-pass filter sections in cascade, each section 

being infinitesimally amall. This comeeption is illustrated in Fig. 
135. Each section represents a length &¢ of the line. Using the 
results of Chapter 3, Section 10, we have:= 

f= 1 , and gs cos 68 
° n&L SL Cy ats 2° 

where sin 68 =f ; 58 being the phase shift for 
2 2. ¢ 

the section. 

as 6f =» oO, f, > oO, &8-0, Sin 58 ~~» O and cos $8. —~ 1. 

From these results the characteristic properties of trans~ 

Idission lines may be obtained as follows. 

Characteristic impedance 

lg ‘¢ > & pure resistance, (Ro). 

Attenuation 

Since f, ~* co as bl mw 0, the cuteoff frequency is infinite 
and there is no attenuation, but signals at all frequencies are trans=- 

mitted equally well. 

Phase distribution and velocity 

Assuming that the phase delay 58 is due to a time delaySt, 
we may determine 38 and df ; i.e., the variation of phase with 

£ at 
distance along the line at any instant, and the velocity u with 
which any point of the wave, at which the phase is constant, moves 

along the line. 

Prom the above relations, it follows that 

$f Se ~ ont Sie = -w/LyCp 3 the negative sign indic- 

ates that there is a lag in phase as the distance from the generator 

is increased. 

It may be shown that, in the limit, as 6/ —» 0, 

3 = uf LyCy ; 

i.e., at any instant the change of phase along a given length 

of the line is constant and proportional to the length. 

In particular, if the change in B is 2 radians the line 
length over which this occurs is defined as A , the wavelength, and 
is given by:~ 

A 2 2m 1 

w/iy Cy £./Lp Co 
* 
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u, the phase velocity is given by:- 

ae 
Us af = - as = w = 1 . 

“o/Uty = Vay & 

It follows that A =u; i.e. A is the distame travelled 

la)
 

by the wavefront in the time occupied by one cycle at the generator. 

Propagation constant 

Since there is no change in amplitule but a phase delay 
pee wo oR = 2h per unit length, the propagation constant ¥ 

ae PN 
for a length ? of the line my be written 

y= ie =ipgl= sant , 
A 

jot 
If vg @ ¥, © at the generator, the voltage at a point 

distant ¢ from the generator is given by:- 
wate -» 2ne 

ee (wt ax). vow, & = 

18, Distributed Elements for a Lossy Line 

In general it is impossible to ignore the effect of resiat- 
ance of the condustors and leakage through the dielectric, and these 
modify the line characteristics. 

Pig. 136 showg the 
modifications necessary 
to introduce these 
quantities into the 
infinitesimal section 

of Fig. 13 56 

Analysis of 
auch a section shows 
that, on Proogaaing to 

the limit as ~» O, 
. Fig. 136 - Representation of uniform 

the characteristic lossy ¢ ission line as an equivalent 
impedance gp, and the ; 
propagation : onstant i ladder of infinitesimal filter sections, 

3 for a line of length 
are given by:=- 

Zq = rer ; yt Vey + Joly) (cy +jwCe) . 

We my writey=j7L, where ve is the propagation constant per unit 

length; whence we have that 

¥e* V(Ry + july Gy + jw) 

= age Spy where a/ is the loss 

(in nepers) per unit length, and By the phase shift (in radians) 
per unit length. 
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Since ay is not in general constant, and Ag is not pro= 
portional to frequency, amplitude and phage distortion occur; and 
unless sinusoidal, the shape of a wave changes as it travels along 
the line, 

Since Opis not zero, there is attenuation as well as phase 
shift, energy being dissipated in the conductors (because of R f ) 
and in the dielectric (because of Gy ) as the wave progresses, 

19. Characteristic Impedance 

Zo = fy + Joly . 
Gy + July, 

in general, this is complex, In the particular case, where 
Lg « By» the line is distortionless and z, is a pure resistance 
c G) : 
of magnit we [Lp 3 but this is not a case commonly encountered in 

c 
radar. Since line losses are wasteful, every effort is made to 
reduce them to a minimwa In particular, matching devices become 

inefficient unless constructed of lines with very low losses. 

It may be shown that for open-wire feeders in which coniuct- 
ors each of radius r are spaced with their centres a distance d 
apart, the characteristic impedame is:- 

Ro ng 276-1og,, 2 eeecenencscecesccsenesol(d)s 

The corresponding formula for loweloss coaxial cables is 

r2 
Bo = 138 Leki 9 FL Oncroceccsesessvescseee(2)y 

where ro is the internal radius of the outer, andr, the radius of 
the inner conductor, 

Ro(OMMS) 

(a) | tb) 

600 + 300 

d (Q) Ro * 276 LOG, F 

=< f: 400 1200 (b) Ro = 188 LOGio Fa 

200 +100 

oa? 
) —— : art (LOG SCALE) 

t 2 5 1O 100 (b) # 
1 

Pig, 137 - Variation of R, with frequemy for (a) open wire 
lines, (4>1r), (b) coaxial cables. 

These forumlae neglect losses, and the former is an approx- 
imation which assumes that d > r. They are illustrated in Fig. 137. 

_ If in the openewire feeder ris comparable with d the exact 

formale Ry = 120 cosh ~1(¢/2r) must be used, This is illustrated in 
Fig. 138. 
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Rg (OHMS) 

700-4 

. Ad Ro= 120 cosH'd ons 
600 4 

500 | 

400 4 

3007 

200 4 

100 4 

d £ (L0G Scate) io} T ot r 1 RE OR 
2 > 4 5678910 20 30 40 «5060708090100 

Fig. 138 - Exact relation betyeen R, ani d/r for open- 
wire lines formed of twin cyliniers. 

For conductors embedded in a non-magnetic material of di- 
e@leotric constant K, the formulae became:= 

2 
Ro *%= ia 10819 $ ota cence cccecscoenccosecee( lm) 

2 138 il F2 SSeS SHCOSSHEHEBHHAHHS AE BORE 2a and Ry == je B15 =~ 2 (2a) 

20. Propagation Cons tant 

ye =f (By + ‘July )(G, + jwl,) = ape Jpe 

In the particular case of ‘the distortionless line, mentioned 
in Sec. 19, ay n/RpG; ana By =w./ly/, and these satisfy the 
conditions for distortionless transmission; vis: attenuation indep~ 
endent of frequency and phase shift proportional to frequency. This 
ensures that for a wave of any shape the sinusidal components of 
various frequencies are all delayed. in transit along the line by the 
same delay time T°’ = 9 , since Jf (Compare Chap.3, Sec.15). 

ant 

In the general ease, for a wave travelling on an infinite or 
properly terminated line, the current i at any point may be given in 
terms of the current ig atthe sending end, by the equation:~ 

Oy + By 
ae ile ° 

8 

If ig = 2, € ut 

then, i= a, € ~ oe Slot = Bel) 

The voltage is obtained from the relation 

vor i.g, . 
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The instantaneous values of current and voltage may be 
written 

a, motel cos (wt = yl) 

nd - 
* vs € ot cos (wt ~ pol +6), 

where a . . 
y= Zo (the magnitude of the impedance) and %, is the 

s 

phase angle of the characteristic impedance. 

The velocity of propagation is given by:- 

ve OS @ _ i 
Pa Vy oe 

. For air-spaced conductors, the value of c = i may be 

taken as 3.108 metres per second, Since Cs ac K, the Velocity of 
propagation u along transmission lines using a non-magnetic di- 
electric of constant K is given by:= 

8 
u = 3210 

Van a 

The factor 7 is called the velocity constant and is the ratio 
u x 
G, Where u is the velocity in the feeder concerned and c the velocity 
if the dielectric were replaced by air (or, strictly, vacuum). 

21. Vectorial Representation 

Fig. 139 shows the differeme between the transmission of 
sinusoidal waves along lossy and loss-free lines, current vectors only 
being drawn, 

For the loss-free line, v and 2 are in phase, and both trace 
_out circles. For the lossy line, there is in general a phase differ- 
ence J, between V" and ZT; and they trace out similar equiangular 
spirsis. 

The curves for the loss-free line should be compared with 
the vectorial representation of the voltages and currents trapsmitted 
by a low-pass filter (Fig. 76). They will be seen to be consistent 
with the idea that the line is the limiting case of an infinite 

number of infinitesimal low-pass filter sections. With the trans- 
ition from the polygon to the circle for all frequencies, there is 
$he elimination of the cut-off frequency and the distortion which it 
introduces. 
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(Q) aT TIME t=O (b) AT TIME t SECS. AFTER 
CONDITIONS SHOWN AT (Q) 

(c) AY TIME t=O ‘ (d)} AT TIME tSECS. AFTER 
CONDITIONS SHOWN AT {c) 

Fig. 139 - Variation of current (or voltage) vectors 
with line length for loss-free line - (a) and (b) -~ 
and. lossy line = (c) ani (d). 

LINES WITH LOW LOSSES 

22. Effects on Line Characteristics 

If Fea > 1 and see > 1 losses are very smal] and certain 

close approxination’s can be made to the general formulae of Secs, 17 
to 21. 

The velocity of propagation u is approximately equal to 
1: for all frequencies satisfying the above inequalities, the 

WV LC ; 
fractional error being approximately (BL. + Gt. ). 

Ww iy we 

This approximation is justified for all practical purposes in 
the trensmission lines used in radar, It reduces the characteristic 
impedance fg to 

Je fr +d Ge - 22} 
we woL 4 

and it is usually sufficiently accurate to neglect the reactive por= 
tion and assume that:<- 

Zo = /E) , so that it is generally denoted by Ro. 
& 
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Similarly the loss constant QJ reduces to:= 

+ fa, /% + oy / } 

= 3 { BE + GR J. 

The behaviour of Ry and Gp , and methods of minimising 

them,are discussed in Sec. 42. 

A oxy t 
i is € ‘ cos (wt - 4, “) 

a
 

| 

Pige 140 - Variation of 
current (or voltage) with 
distance along the line at 
selected instants. 

23. Bffects of Slight Losses on Travelling Waves 

Since distortion is usuelly negligible for the typesof line 

used in radar, the attenuation introduced by low losses is the 

principal effect to be considered, 

The amplitude of a travelling wave decreases as the wave 

progresses, as illustrated in Figs. 140 and ljJ(a). This is more 

simply shown in Pig. 1,1(b), where the peak values at increasing 

distances along a lossy line are compared with those for a loss-free 

line. n 
Vv 

[rr _ 

x 

4 XN a it aa ¢ ) Y a x 

i“ ‘\ a 

° > € 
Nw ”Y anes 

x ft 
rd 

A 

v 

~ ~ 

~ ~ ~ 
(b) ~~ ~ 

~~ 

- ~ ~ 

— wv 

—~ LOSS FREE LINE = = LOSSY LINE 

Fig. 141 - Decrease in amplitude of travelling 
simasoidal wave due to losses. 
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2%. Effects of Slight Losses _on Standing Waves 

A simple picture of line conditions can bé built up by the 
method indicated in Pigs. 142 and 143. In these figures the atten- 
uation is accentuated to clarify the effects. An open-circuit term 
ination has been chosen, These diagrams will serve also for the 

short-circuit termination with minor alterations (compare Sec. 15). 
Other terminations may be considered in the same mamer, but as the 
quantitative resulta are more complicated, these will be derived 
analytically where required. 

PEAK MAGNITUDES OF DIRECT AND REFLECTED WAVES 

(a) 

~s
 

n>
 

10
 

-n4 

-2rq 
a- 

PHASE RELATIVE TO DIRECT WAVE AT TERMINATION 

(b) 

Fig. 142 - Effect of line losses on direct ani 
reflected waves: opén-circuited termination, 

Because of the reduction in amplituite of the reflected wave 
compared with the direct wave as the point considered recedes from 
the termination, the line gives less indication of a mismatch. For 

very long lines, the amplitude of the reflected wave is negligible 
compared with that of the direct wave, and the line "looks like™ an 
infinite one, with input impedance Ro, and standing wave ratio 
(SwR) unity. In general the SWR at the input is reduced with 
increase in line length. 

Analytically it is convenient to generalise the term 
Reflection Coefficient to apply to all points on a line, and include 
the effects of attenuation as well as reflection. If p is the 
reflection coefficient at a distance / fram the termination, 
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A = AMPLITUDE OF DIRECT WAVE (2) 

B = AMPLITUDE OF REFLECTED WAVE OPEN 
CIRCUIT 

é —_— T t .s — T T as 

SX 9A A 7A 3K SA A BA A LK 
4 8 8 4 2 

(G) MAXIMUM VALUES OF CURRENT AND VOLTAGE 

Pig. 143 - Effect of line 
‘, losses on stamiling wave: 

‘ 12% gpen=circuited termination. 
‘. 

SA — 43x 
my. 2 

\ 
\ 4 

kis 

i 
. Bi 

a x 
8 1=PHASE OF RESULTANT CURRENT ) SRT 
BV=PHASE OF RESULTANT VOLTAGE V 

sv 

sf 7 T ° 
é rN 3r a a 

4 2 4 

(b) PHASE DISTRIBUTION OF CURRENT AND VOLTAGE 

mayl -JBel 225 
p = a = (wa)pe_ as é 4 2 Zot p € 256/¢ 

(v,).€ ae g SPet ° 
° ? 

* 

Where p,, is the value of Pp at the receiving end. (See Sec. 13). 
2a yd 

- IP rl 

At this point the standing wave ratio is given by:= 

Hence ipl = eo 

“A Aw =2 cyt 
s = tt ele = ase 

A “a y% - & 1 -i¢l 
iPr] 

~2 aryl 
-e l? xl 

It follows thatasf—-o,S —> L 

Provided ay is small, it is uswlly sufficiently accurate 
to take the SWR as equal to the ratio of voltages at an antinode and 
a node in the neighbourhood of the point considered. 
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25. Hnergy Losses 

_ The energy dissipated in the conductor resistance or dielectric 
conductance is made manitest in the line by the heat generated. This 

may have subsidiary effects, such as mechanical distortion of the line, 
and consequent interference with its electrical properties, 

The power loss in a low-loss line of length £ may be written:=< 

apt’ “aye . 
20 Log,» € 10 ogy /*« (s-1)* (1 -€ 7 . 

ie 

This expression shows the extent to which losses are increased if 
standing waves are present. 

RESONANT LINES 

26. General Nature of Resonance in Lines 

It follows from the results stated in Secs. 8 = 25 that as 
the frequency of a signal applied to a short length of transmission 
line is varied, the line exhibits the properties of series and 
parallel resonance at specific frequencies. For a uniform loss~less 
line with an open-circuited termination, the input impedance is 
either a pure reactance or else is zero or infinite; the variation of 
this reactance with frequency is illustrated in Fig. 144. ‘the har- 
monic nature of the resonance characteristics is evident from the figure. 

Xs 

| { j — OPEN - CIRCUITED LINE 
/ i j *—- SHORT - CIRCUITED LINE 

/ i 
/ / } Fige Lid. - Variation 

/ / / of reactance with 

/ / / frequency in loss- 

° f af at Pat sf. A6f, > FREQUENCY free line. 
1 / 1 1 / + 1 ; fn 

/ f / 
/ / / u 

i i j f,= 4¢ WHERE 
! ; ! U= VELOCITY OF TRANSMISSION 

I l i] = LINE LENGTH 

i ] j 

tr ¢ is the length of the line, series or parallel resonance occurs, 
alternately, at all frequencies which are multiples of U_, whereu 

4g 
is the velocity of propagation. 

; For lines with slight losses, the resonant properties are far 
more pronounced for shorter lengths; as the line length increases, 
the input impedance tends more and more to be independent of the line 
length and to approach Ry. This is indicated in Pig, 145. Here it 
is the menitude of the impedance which is plotted, at a given 

frequency» for different lengths of line. 

A short-circuited line of length ¢@ or an open-circuited 
line of length 2d presents a high impedance to a generator of 

frequency £ = aE and a veactive impedance to other frequencies, 

The impedance is reduced substantially for small deviations 
of the fre;uency from resonance. 3uch a line may be used as a parallel 
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Zs 

OPEN ~ CIRQUITED LINE 

tee SHORT -CIRCUITED LINE 

$2 24 Z x a 
Pig. 145.- Lossy line: variation of magnitude of 

impedance with line lengta. 

resonant circuit. Similarly, an open-circuited line of length ¢ or 
a short-circuited line of length 24 may be used as a series 
resonant circuit for a generator of frequency a 

For a generator of given frequency f, corresponding to a 

wavelengtha= 3 » the resonant lengths are given by the equation 

f= ma where m is an integer. 

Non-resonant: lines may be used as reactances, The variation 

of reactance with frequency for opemcircuited and short-circuited 

low-loss lines is illustrated in Fig. 146. In this diagram it is 
assumed that losses per unit length are independent of frequency. 

It should be noted that midway between series anu parallel 
resonant lengths the magnitude of the impedance is always Ro+ 

27. Q - Factor of a Resonant Length of Line. 

It is known that for a series L - C ~ R circuit near resonance 
the magnitude of the impedance is given by Z = R sec g where tan g = 

94,8 being equal to f-fo , where f is the frequency and fo the 
Po 

resonant frequency. (fhe error in tais approximation is of the omer 

oe) (See Shap. 1, Sec. 19). 

Xs 

it it it —— OPEN- CIRCUITED LINE 
i il i\ ++ SHORT-CIRCUITED LINE 

NOTE - / | H | H | 
THIS DIAGRAM NEGLECTS pod ! | 
THE VARIATION OF fj | | 
RESISTANCE WITH FREQUENCY [/ 0 ¢ fos fo . : ! + 5 / 

at, Ag FREQUENCY 

i 
i / 

/ 

uo - . «as . 
+46 . Lossy line: variation of input reactance 

with frecuencyr 
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‘It may be shown that for an open-circuited low-loss ‘rans= 

mission line, approximately 22 in length, 

. apr, 
Z= (Rg " sec £ )s 

where tan g = and 
ByXo 

It follows tnat an open=-circuited tranmission line of length 

= behaves like a series tuned circuit having a 9-factor of magnitude 

. n 

. = yr, 

This reduces to Q = if dielectric losses are neglected, 

corresponding to the Q-factor of a coil in lumped-circuit theory. 

Similar results are obtainable for short-circuited lines, a 
qua rter-wave-length line corresponding to a parallel resonant circuit 

with, the same value for Q as for the series circuits. Longer lines, 

eae » Stc., have the same Q-factor as the ° line, but not the same 

iynantic impedance, The longer the length of line (in quarter wave- 

lengths) the | more nearly does the dynamic impedance approach Roe For 
example, a [2 short-circuited line has approximately twice the dynamic 

A 
impedance of a z open-circuited section of the same line. 

In practice very large values of Q may be achieved, of the 

order 10%, 

20, Lecher Lines 

Short lengths of line may be used as tuned circuits, and are often 
called Lecher Linese These are usually short-circuited sections of tubular 
line, the short-circuit termination providing mechanical rigidity with 
very low loss, 

Fig. 147 shows an arrangement which is suitable for use ina 
tunable oscillator circuit. The curvature of the lines enables tuning 
to be performed by a rotary motion, varying the effective length of the 
lechers. For very high frequencies a self~acreening type of tuned 
circuit is required, as unscreened lines become less efficient as the 
frequency rises (see Sec. 46). This may take the form of a short 
length of coaxial line. An arrangement suitable for use in a valve 
circuit is illustrated in Pig. 148. The line is tuned by moving the 

plunger which may be fitted with a screw for accurate aajustment. 
ment. 
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woe 247 - Lecher Lines 
TO Dc xe use j setlintors suey Lor uSe in oscillators, 

ROTATED 

BNODE © FOR TUNING 
Pa 

INSULATING 

RODS 

— 
. . oa ___f-\, \ 

Pie 145 - .dgustable coaxial = 
¥ 

tag ade . * : 4 -+ wt ' y 
sncrt-circuited ling with vlunge: ed -| Ay 
CUdLUS. a 

vi = 

29. Metallic Insuletors 
— 

One of the chief difficulties encountered in the use ai’ open- 

wire feeders is the maintenance of rigid spacing and positioning of 
the conductors whilst avoiding high dielectric losses. Ome method, 
applicable to a single-frequency transmission system, avoids dlelectric 
losses altogether by the use of what catfi paradoxically be termed . 
“metallic insulators", The arrangement is illustrated in Fig. 1,9(a). 
Such a short-circuited quarter-wave line presents a high impedance to the 
fecder at the points of jumction, and the effect of this on a low impedance 
dine is usually negligible. A frequency variation of + 7.5% is usually 
vernissible before the line becomes appreciably mismatched. 

Zhe problem of supporting the system as a whole does not arise 

in self-screening lines, such as coaxial systems, where the fields 

are confined to the inside of the outer conductor and the outside may 

be earthed at any point without disturbing the electrical properties 

of the system. But the equivalent problem of supporting the inner 

vonducter may be solved in the same way, by the use of quarter-wave 

sections of short-circuited line. ‘Toe arrangement is shown in Pig. 

Wook. 

oN ali LC , | 
14 | 

FEEDERS | | oad EOE T a S| 

py cA | INN y 
(a) Le i fi! (b) H4an 

Pre) \ HS , V. N GRE 
SUPPORTS FOR OPEN SUPPORTING THE INNER 

WIRE LINES OF A COAXIAL LINE 

A 

| 
\ ko Z imbued n Wa bud mb a a Lo hte uth ante kon | 

(Cc) 

BROAD SANDED STUB SUPPORT 
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A modification to improve the banu width of the insuletor is 
shown in Pig. 149{c}. The thickenin_, ot the inner vonJuctor forus 
in eifect two A transformers back to bask, in parallel with the A 

4, ors 
insulator at the junction. The analysis . tuis arrangement is 
dealt with in Sec. 54 (viii). 

30. Quarter-Wave Sleeve Rejector (Rotating Joint) 

This is a method of using a A open-c.rcuited coaxial line to 

join electrically two otner sections. Ideally the Lupedance -resent~ 
ed by the device is zero at the frequency of operation, 

The arransement is shown schematically in Fic, louju,. This 

represents a A section inserted in series with an open-wire feeder. 
4 

Since the A line has zero input impedance it docs not affect the tlow 
mn 

of energy along the transmission line. 

If the figure is rotated about the lower conductor, the upper 
conductor jenerates tne outer of a coaxial cable, and tne A line 

; 4 
takes the form of a double circular plate of radius A with Une ane 

4. 

»roperties as in tne balanced pair arrangement; tnis stuve is shown 

in cross-section in Pig. 150(b}). If now the protruding A "line" 
be 

is folded back on one o7 the outers the line presents the appsarance 
of Fig, l5(c}, The separate portion 4B then becomes redundant, 
since the outer surface of the cable CB is able to fulfil its func 
tions; when it is removed, the circuit appears as in Pic. 2. (a). 
Finally, the inner may be subjected to the .ame process as the outer, 
tne complete joint bein, depicted in Fiz. 150(e). Such an arvanles 
“sent is suitable for a rotatin, couplin,, since there is no 

mechanical contact te introduce frictional losses. 

A 4 
“oo o 

a 
ra x a / 3 

/ 

Cc 8 ic 8 } 

\c! a! 
\ 

(Ss) \ (b) 
XN 

N. 

an 
~ ~ { ~ A 

Five 150 - Evolution 
of \/h sleeve rejector 
(as used in a rotating 

a | se 
c RG) c B . JOLT ) 

(c) (d) 

170



Chapeh, Sect.31, 32 

31. Stub Reactances 

Short (usually< A ) lengths of open-circuited or short-circuited 
2 

transmission line, used as reactances to modify the standing wave 
distribution on a transmission system, are called Stubs. Open-circuited 
stubs are frequently used with open-wire feeders where the conductors 
are rigid metal tubes or bars, For less rigid structures and for co- 

axial lines, short-circuited stubs are invariably used. 

The variation of input reactance with stub length was given 
in Pigs.131 and 134. Since the stub is usually connected in parallel 
with the transmission line it is more usual to analyse stub problems 

in terms of admittances. 

The input admittance of a loss-less short-circuited stub of 
length { is given by 

ya j cot 2u ant » (a short length is inductive). 

The input ainittance of a loss~less open-cricuited stub of 
length f is givenby 

y = j tan 2x » (a short length is capacitive). 

MATCHING 
32. Reasons for Matching 

Theoretically it is possible to design a transmission system sa 
that the input and output impedances of all its elements are resistive 

and of the same value, and matching problems do not arise. dowever, 
it is séldom practicable to do this, and more often than not energy is 
transferred from a generator to an aerial system at several different 
impedance levels and correspondingly different voltage levels. It 
has been shown in Seca:8 to 16 that if a length of transmission line 
is not terminated in its characteristic impedance standing waves occur 
on the line, and the input characteristics vary with line length or, 
alternatively, with frequemy. .It is inadvisable to have a high 
standing wave ratio on a long feeder system, sine a small change in 

frequency night cause a large change in input impedance. For example, 

if a line is 10°A long, a 2°5% variation in frequency would make this 
10°25 A or 9°75A, and this could replace & voltage node at the sending 
end of the line by a voltage antinode; this would change the input 
impedance from Ry to Boe 3 or vice versa, which is a variation in 

Ry 
impedance equal to the square of the SWR. A similar change of freq= 
uehcy would have relatively little effect if the standing waves were 
confined to a short matching ‘section less than one wavelength dong. 

As pointed out in Sec. 25 losses are bound to be heavier if 
standing waves are present on a feeder system, owing to the extra 
losses from the oscillatory energy of the standing waves. In addition, 
lodsses usually tend to’ increase with abnormally high voltages and | 
currents, and at antinodes it is possible for dielectric breakdown or 
corona discharge to occur, with prohibitive loss of energy. 

Standing waves on the main portion of a transmission system are 
avoided by the.use of matching sections which fulfil the purpose 

described in Chap. 3, Sec. 4 ‘They are inserted between source and 

load and ensure that the transmission’ lines are terminated in their 
characteristic impedances. Matching sections may also be used 
between two lengths of line which have different characteristic 
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impedances, or to match a feeder system to a generator, 

33. Half-Wave Transformer 

This is the simplest matching section. It is equivalent to 
a 1:1 transformer which does not change the input impedance, but 
transfers the input terminals to a more conveniert position. - The 
choice of length, a multiple of A , enables a line of any convenient 

2 
characteristic iapedance to be used. 

If a low-loss line is used, the formula of Sec. 16 can be 
employed, viz: 

ant 
ia) = Zy + J Ry tan A 

Ro Rot 3 2%, tan 20 
r x 

Since ¢ is a multiple of A, tan 2nf = 0, so that zy = Zy, irrespective 
2 A 

of the value of Ry. 

This principle may be employed to join two similar sections 
of transmission line by a third section of different characteristic 

inpedance. It is the fundamental principle often employed in the 
coustruction of plugs and sockets, These usually introduce sect- 
ions of line of different characteristic impedance, and if their 
combined length is mde a multiple of A, standing waves on neigh- 

2 
bouring sections are avoided. 

Pypical joints are showa in Fig. 151. 

METAL THICKENING TO 
| FORM JOINT 

——____.—_, ————_-— 

4-4 
i a ~_— 4a—— / 
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aa wee f= La-*| a 20 oma, 
be— £5 —m| 
es | 

3; a Rg =40 OKMB Ry = BO OHMS 

—- 7 ; 

—e |? _| + 

ened aes Wt L tatnd + ; 
=3 2" 3 

VD LLL 
4 —>| ~—— fla 

DIELECTRIC SLEEVE TO SEAL Fige 152 - Typical matching 
JOINT AND SUPPORT INNER problem: use of quarter-wave 

; transformer. 
Figs 151 ~ foints designed om the 
A/21:1 transformer principle. 

34. Quarter-Weve Matching Sections 

These sections of tranamigsion line, odd multiples of * in 

length, are impedance transformers. .The formula quoted in Sec. 35 
may be written:= 
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Zg _ 2p ot an, J Bo , 
Ro Ro cot 2n4 jz 

x r 

Meking the substitution /@ = Aer + ih » We have cot an = O and 
2 R 2 

2s = oad + In the simplest case, where the terminating impedamre is 
r 

resistive (Ry); Z, = Ra and is a pure resistance. 

Rp 

The quarter-wave section thus acts as an impedance trans- 
former. Given two” lines of characteristic impedance R] and Ra, a 
A section designed to match the one to the other would need to have 
4 

a characteristic impedance Ry =./RiR2- 

A typical case arises in which a standard cable is to be 
matched to several similar cables which are in parallel at the 

junction. This is illustrated in Fig. 152. The four 80 ohm cables 
present an impedance of 20 ohms; to match this to the single cable 
requires a A section of characteristic impedance,/ 20.80 = 40 ohms. 

fo preserve the initial spacing of the conductors the match= 
ing section either must be made of thicker material, or must use a 
different dielectric with a larger constant, K. 

It may be noted that the use of metallic insulators is the 
Limiting case of a A matching section where 2, = oo and 2, = 0. 

4 
Ro may have any value. 

35. Double Quarter-Wave Line 

The frequency sensitivity of a qnarter-wave matching section 
makes it usable at one frequency only. By extending the principle 
to the use of two quarter-wave transformers in cascade, with approp= 

riate characteristic impedances, a broad=band match may be obtained, 

The characteristic impedances to match R] to Ro should be in 
theorder 

Ry» 1Ro» ays Ro where; 

ao = (20) a (2) ?' 

Bo Ry Ro 

This relation is mere simply expressed in terms of the logarithms 
of the ratios of consecutive impedames, These ratios for the 

three junctions are: 

Fo > Bo » and ,Re and the logarithms are in the 

R] 1Ro 2Ro 

ratio 1:2:1. 
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4 ‘y If Bo = aR, then a2, = atky una wy = ate, , 

Thus, if Ry and Re are given, a may be determined and hence 4R, 

and oRo. 

To a first approximation this arrangement ensures that the 
reactive term introdwed, by a change of frequency, in the output 
impedance of the first quarter-wave section, is cancelled by an equal 
and opposite reactive term in the input impedance of the second 
quarter-wave section. 

The output lopedance of the first quarter-wave section can 
be written: - 

and . 
Zy _ By cot Se IRo ; where cot ant is small = x, say. 
RGR ? 
To to cot 2h + dRy (cot 2nf is seco iff is exactly 

x 
x.) 
i. 

We then have 71 _ ja Ry + Ry 

®R, Ry + @ Ry 

aaa f= (a - jx)(1+ ajx) ae jx(a* - 1). 
-ajx ° ° 

tt 

So that 2, == Ry a@ f ls jx (a? ~ 1)}. 

Similarly Zo, the input impedance of the second quarter-wave line can 
be written 

ant 
22 . Ro cot s+ JoRe 

Bo oR, cot al JR 

and this reduces to Zy Se Ry a? f L- jx (a* ~ 2) } 

This satisfies the matching conditions described in Chap. 3, 

Sec. 4. An alternative treatment is given in Sec. 54{iv). 

The principle of the double quarter-wave line may be extended 
to any even number of quarter-wave sections, the characteristic imped= 
ances being chosen so that the logarithmic ratios at successive junc- 
tions form a "binominal coefficient series, (e.g. 1, 2, 1; 1, 4, 6, 
4, 1; ete.) In general an odd number of sections is sensitive to 
frequency changes; an even number is not, When a large number of 
sections is used the change in impedance from one end to the other is 
approximately exponential, and very broad band coverage is afforded. 

36. Matching by Stubs 

The principle of stub matching is to shunt a section of trans- 
mission line by suitable reactances at various points so that the 
input impedance is'made equal to the required vwlue. [ Series stubs 
are not commonly used in transmission line systems./ 
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o P| a P o ° 1 ¢ a 

ba 
R. = si = 
T— Ry = 8 | G 

o o 5 

G2 Pe Q2 Pa Q2 

Fine 153 - Stub reactance in parallel with a matched line. 

If a section of 

correctly terminated line ¢ 

is shunted at some point 
by a single reactance such 
as would be presented by a 
short length of open circuit- 
ed line, both the input 
resistance and the input are 

changed. Fig. 153 illus= 
trates this point. Since we 
are concerned with parallel 
circuifs it is more convenient 
to deal in admittances. The 
section of properly terminated 

line to-the right of Pj Po may 
be replaced by G,, its charact- 
eristic admittance, and the 
stublength by a susceptance By. 

As By is varied, the input 
conductance G and susceptance 
B are subject to the type of Pige 154. - ical variation of B 
variation indicated in Fig. and G with B, (see fig. 153). 
15h. 

There is usually a limited range of walues over which G 

varies. If it is required to mitch the line at,Q) Q2 to some 

characteristic admittence G, such that G > Gg>G ', it is possible 

to find at least one value of B, (By, say) for which G = Gg; 

corresponding to this value of By] there is an umanted susceptance 

Bg By shunting Q1 Q2 with an equal and opposite susceptance - B,, 

the input admittance is made equal to G,. The schematic appearance 

of this arrangement is shown in Fig. 155, and the corresponding 

mechanical design in Fig. 156. This method ef mtching is known as 

double stub matching. 

Pige 155 — Double stub 

3 matching: schematic 

& "Gs diagra. 

Pige 156 ~ Arrangement of G2 Pa 
stubs providing the above 

natching requirements. 
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Because of the limited range of values for G it is not poss= 
ible to obtain a correct match for all walues of Gge There are ~ 
various methods of 
overcoming this diffic-_ 5 fy 
ulty. One is to use a aoe 2-0 
third stub, Ifa “os 0 f= Ca hee 
match is not possible @) ? Pe 
for one setting of this 
stub, the setting is 
changed (usually. by _ 
approximately A) and it 

& PR Rr; $I 
it then possible to 
effect a match using the 

‘two other stubs as (>) 
previously described. 
Another method is to 
change the position of 
the stubs relative to the 
two lines. This is Fige 157 - Modification to double stub 
indicated in Fig. 157. method to extend the matching range. 
The portion PQRS is 
made unsymmetrical and 
reversible so that if a 
match is not possible with the arrangement as shown in (a), it is 
possible in the arrangement (b). 

Rs ~<— —- Ry 

Pa @2 Rg $2 

The single stub method of Fig. 158 is another way of obtain- 
ing a match for any relation between source and load impedances. . 
fhe two variable distances are the stub length! 5 and its distance( 
from the termination Ty Toe This arrangement is sometimes used with 
open wire feeders, but it is not readily adaptable to coaxial lines. 
The disadvantage lies in the mechanical arrangements for the sliding 
contact. Thé necessity for robustness makes it difficult to design 
a sliding: contact which does not interfere with the characteristic 
impedance of the line due to the thickening of the inner conductor 
caused by the sliding sleeve, as indicated in Fig. 159(a). This does 
not matter at the short-circuited end of a stub since, on the side. 
remote from the line, there are no restrictions on robustness, as 
illustrated in (b). Further trouble arises through the necessity for 
a slot along which the inner coniuctor of the coaxial stub can move. 
This is discussed more fully in Sec. 39. Alternatively the same 
effect as the sliding stub my be created by inserting a line length- 
ener between the stub and termination; but such an arrangement is not 
commonly used becmse it is seldom mechanically convenient and is not 
without its ow sliding joint troubles. 

Stub mtching is further considered in Sec. 54{v) and (vi). 

Py 4 1, 

Rs =——— Pa Rr : 

F 2 Pige 155 - Single 
‘he stub matching arrange- 

; mente 

{I 
Fig. 159 - Sliding | ; | | == 
joints: movable ‘ onan 
coaxial stub and plunger. @) (b)
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37. Slugs 

Slug is the term used to describe a device which deliberately 
produces a local variation in the characteristic impedance of a trans- 
mission line. In practice, it my take the form of a thickening of 
one of the conductors of a coaxial cable, or of both conductors of a 

balanced pair, usually by a movable sleeve. The method is illus- 
trated in Pig. 160. The 
Sleeves may be made either \ 
of conducting material or 
of sone dielectric material ms 
different from the main di~ | ih 

a iw a { 
electric. aa wa mare 

| but no moos eeandiy et \ rae OR DIELECTRIC WASHER OR SLEEVE 

number of quarter—wave= 4 - : 
lengths long. In this case ~*S 160  eetangamentas 
taey act similerly to the 
quarter-wave mtching sec- 
tions already described, Movement of the slug along the line 
provides one degree of freedom for warying the input impedame. As 
pointed out in Sec. 36, two degrees of freedom in the matching device 
are required, so that a single slug is not by itself an adequate 

matching device, Double slug matching is dealt with in Sec. 54(vii). 

38. Balance to Unbalance Transformer (Balun) 

This térm is used to denote a device for matching an unbalanced 
line to a balanced load or source (see Chap. 3, Sec. 1). Fig. 161 
shows an unbalanced line connected to a balamed load Rye It is 
clear that if the lower conductor were to be earthed at all points, the 
lower half of the load would be short-circuited. What is required 
is a four terminal network, arranged as in Fig. 162, which enables 
the lower conductor to be earthed but provides the load with a balamed 
feed, 

cae eea 
——___1 SEDGE DG DONE 
o———-———---4 

Fige 161 - Matching unbalanced Fig. 162 - Balance to 
line to balanced load, unbalance transformer. 

One method uses a series Half-Wave Loop, shown in Fig. 163. 
The voltage and current at B are equal (neglecting losses) and anti- 
phase to those at A, which is the condition required for feeding 

the load in push-pull. 

The impedance presented to, the line at A Ey by the rest of the 
circuit is Bg; between A and Ez; in parallel with the input impedance 

2 
of the half-wave loop, This also is Ry, since the loop, terminated 

2 
in Rg , acts as a 1:1 transformer. Hence the resultant impedance is 

2 
By and, to avoid reflection, this skeuld be the characteristic imped- 

ance of the main feeder. For single-frequency systems the character= 

istic impedance of the half-wave loop is immaterial, as shown in Sec. 
33. 
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2m
 

~
 

i 

an 

Figs 163 - Use of half-wave loop. Fige 16) - Matching coaxial 
cable to screened pairs 

The arrangement of this loop method for coupling a coaxial 
cable to a screened balanced pair is shown in Fig, 164. 

The transformer may be tuned to a required frequency by 
fitting a variable extension to the loop, as in a tragbone. Such an 
arrangement is sometimes called a "Trombone Matching Section". 

Another common method of satisfying the requirements is to 
use a quarter-wave “can”, "skirt" or "balun", The schematic 
arrangement for an open-wire circuit is shown in Fig. 165. The 

lower conductor at (a) is earthed at the source, but cannot be at 
earth potential at all points without short-circuiting the lower half 
of the load, There is no reason, however, why there should not be 
a section GC, of the lower conductor, which is at earth potential, 
while standing waves are present on the remainder, BC, ag shown at (B). 

Standing wave currents 
iz and i); are present on the 

line as indicated. Cis a 7 i oy 
voltage node of this standing G RyeRE Re 
wave system, which exists @) ° a an 1 
between SC and earth, There £& “2 ow 
is a similar standing wave - 
between the corresponding 
portion of the upper conduct= 4 OA 
or and earth, and a current 4 & ht 
a will flow in th (b) s 1 mene upper i ¢ & bs th 
conductor due to this stand~ . =9 
ing wave, and an equal and — pi4 
opposite current iy, will flow E 
between E and D. 7 

MATCHING PROBLEM 

Denoting the Pige 165 - Current in standing wave 
travelling wave currents by sections 
iy and i,, as indicated in 

Fig. 165(b), it follows 
from elementary circuit theory that 

i, = iy and i; = i, 

The value of the current at a particular point is indicated 
by the use of a prefix; e.g. the currents in the two halves of the 

load are fi.» fie respectively whilst the value of i; at B is denoted 

by giz. 
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For equal currents in the two halves of the load, i.e. 

£41 = gp 

Bt3 must be equal to alt 

The coaxial arrangement i a _l 
may be considered as generated by y— > 
rotating the diagram of Fig. 165 ¢ N\ ei 
(b) about the upper conductor, to 9. if A 
give the arrangement shown in Fig. =? Be +2 w+ 
166. Provided the main outer a aa_t3 \C) 2 
cable is a perfect screen, this 6 
ensures that there is a very 
high impedance between the inner 
conductor and earth, since there 
is no coupling between the curr=- 
eats in the inner conductor, and : ' 
outside the outer, The currents corresponding to iy and iy in Fig. 

165(b) are therefore negligible, 

na 

Pige 156 - Matching can, 

It follows that the result deduced above, namely 

- . af 
B*3 > AtL 

reduces, in the coaxial line, to 

Bis = 0, 

The standing wave between B and ¢ thus has a voltage node at ¢ and a 

eurrent node at B. Hence BC is an odd number of quarter-wave 
lengths; usually this is made Mh, the outer portion of the can 
being earthed so that points ¢ and D are at earth potential. 

In the coaxial arrangement the currents ig and iz are separ~ 
ated, flowing in the inner and outer surfaces respectively of the 

outer conductor BC; i, Plows in the inner surface of the can DE. 
The outer surface of the can and the remainder of the cable CG may 

be earthed everywhere, 

In this type of balance- 
to-unbalance transformer the 
characteristic impedance of the 
line should be mace equal to the 9 ———~f*t---------- 

resistance of the load. x y 

The use of a 4/4, can is 
especially suited to feeding 4 
half-wave dipole from a coaxial 
line, as shown jn Pig, 167(a}. 

It is preferable to the half- 
wave loop system, particularly 
if the aerial is to be "spun", 
and mechanical symmetry is 

desirable. An extension of 
the arrangement for joining a 

screened balanced pair to a 
coaxial cable is shown in Fig. 

167(b)« ° (©) res cov come 

@ MATCHING A COAXIAL 
LINE TO A 2 DIPOLE. 

The chief disadvantage Fige 167 - Matching a coaxial line 
of both the transformer systems to (a) */2 dipole ana (b) 

screened pair. 
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so far described is their sensitivity to frequency changes. A 
change of frequency causes a mismatch and unbalance in both cases, 
In the haif-wave loop method the input impedance of the loop, 
terminated in Ry is not Ry except at the frequency of operation 

2 2 

unless that is its characteristic impedance, In any case, the 
antiphase relation no longer holds, and a phase mismatch is unavoid- 
able; i.e., the currents in the twin conductors are not antiphase, 
This changes the input impedance and destroys the correct termina- 
tion of the coaxial line. In the can method, if the line Bc of 

Pig, 166 is not A, B is not a current node, so that B23 is not zero. 
he 

This makes gio different from gi; and unbalances the load. Also, 
the input impedance gp, is not infinite but is reactive and appears 
in parallel with the lower half of the load resistance, resulting in 
a mismatch. 

It is possible to extend the second method to avoid appreci= 
able unbalance and phase varbtions at the junction over a wide freq= 
uency band, 

Pig. 156 - Use of AA, stud “ige 169 - Reactive currents 
2 * X 

to remove unbalance in load. {ses figs 168). 

A method which permits phase variations but provides a 
reasonably balanced wide-band transformation is illustrated in Fig. 
168, In parallel with the upper half of the load is placed a 
reactance due to the stub length AF equal to that of DE, in parallel 
with the lower half, so that the current balence is preserved. 

This is illustrated in the vector diagram of Pig. 169, the currents 
referring to those indicated in Fig. 168. The vector relationship 
indicated implies that the line AF is the same length, and has the 
same characteristic impedance as the original stub I. 

The actual arrangement is shown in Pig. 170 where a coaxial 
line is matehed to a screened parallel pair. The two stubs AF and 
BD have the same dimensions, the length Ao being the quarter wave-~ 

length for the middle of the frequency band over which matching is 
required, The distanceAL must be negligible compared with*o. 

The Pawsey stub, illustrated in Fig. 171, is based on the 
same principle as this wide-band matching device, but dispenses with 
the screening can, The currents flow as indicated in the figure, 
and correspond to those shown in Fig. 170. The place of the inner 
surface of the can is taken by neighbouring earthed conductors, 
carrying the standing wave currents ay, and is, and if these are 
remote, the effective impedance will be high, so that the currents 
iz, Ly is and ig are small. Tuese currents will not, however, 
bé zero, 4nd some radiation is inevitable from the standing wave 
developed between the stub and the coaxial outer. In practice the 
short-circuiting plate is adjusted until the best possible match is 
obtained. 
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TILIA LAL ALAA ALAA dod hdd 

no Yj 22 —~at-— *2 — 

Qo é 

c. =< Fige 170 - Construction of 
prowsurssreves Pal wide-band. matching device. ds éa eh —is F 

| 

METAL PLATE . 
B gz 

ay 

Pigs 171 - Pawsey 
stub. 

Although this method of introducing an auxiliary stub 

restores the load balance it increases the phase variation since 
it doubles the susceptance in parallel with the load. This is 
illustrated in Fig. 172, where X, is the input reactance of either 
of the stubs, Each half of the load is in parallel with dX; 
equivalent to a total reactance in parallel with the load of 

Ao 
2X4 = OR, tan 27% ~>~ 

when Ry is the characteristic impedance of either stub. 

re | 
Ro = Re —> te Zne [ae j |zjx,| 

oOo 

Fig. 172 - Equivalent circuit for wide-band 
stub matche 

The effect of this reactance at various frequencies is 
shown in Fig. 173.for values Ry = 50. and Ry = 100N. 

If the phase shift of the solid stub method is prohibitive 
it may be reduced considerably by the use of a further device. This 

puts in series with the coaxial line a compensating reactance Xp 
which neutralizes near the mid-frequency the reactance introduced by 
the stubs in the previous circuit. Xp takes the form of an open~- 
circuited stub AH arranged as in Figs. 174 and 175. It does not 
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interfere with the mid-frequency current distribution of the solid 

stub method, but changes the matching arrangements as shown in Fig. 
176. If Ro is the characteristic impedance of the compensating 
stub, the condition for optimum compensation is R,¢ = 2Ry Ro. 
Provided Ry > Ry, this circuit is an excellent transformer. 

F dk 
+20 _ reg a 

° fe) H 47 -~«— 

3-20 o> I" 
40 C 2—1 OB 

ax 
ie] £4 E 

Yige 174 - Use of auxiliary 
open-circulted stub as series 

Piz.e 175 ~ Variation of impedance 
and phase with frequency for 

wide-band stub match. compensating reactancees 

The calculated impedance of a transformer where Ry = Ro = 500, 
Ry =100.Mand Ry = 12.55.,is shown in Fig. 177, where the capacitance 
across Af is neglected, 

ty 229 ECP 

Ro: RE <—~ 

| 

Fige 176 - equivalent 
ecireult for fige 175. 

wig. 175 ~ Construction of 

wide-band watching device 

using compensating open- 
circuLted stub. 

This type of transformer is specially suited for a transfer 
from a sta&ionary to a rotating member. Since the coaxial line does 
not make contact with any 

part of the rest of the 
system, it can be kept 
stationary while the 
whole transformer and 
balanced two-wire line 
rotates around it. 

39. Standing Wave 

Indication 

If a feeder 
system is not properly 
terminated standing 
waves will occur with 
the disadvantage des= 
cribed in Sec. 32. To 
avoid these it is 
usually essential at UHF 

Zp OR Sp 

a0 Zz 
40 70 i 
20 E 60p.\ a“ 

en a 
2 0650 = aa fo Xe 
% -20 240 “ 

-40 30 B 
N20 

t 
ro ' 7 +f 

fo fo 3h 
2 2 

Sige 1/7 - Variation of impedance 

and phase with frequency for wide-band 
stub match with compensating open- 

circuited stub. 
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to use empirical means, since it is not ordinarily possible to 
coordinate manufacture and design to a degree of accuracy suffice 

ient to ensure the required matcuing conditions. 

Standing wave indicators, which show the variation of 
field strength with line length, are readily usable with open-wire 
lines. Coaxial lines introduce considerable difficulties, since it is 
impossible to measure the field strength inside the cable without 
making 8 slot in the outer conductor for the insertion of a probe 
(or loop}. The actwl insertion of this probe ani its movement along 
the slot change the line characteristics and increase the difficulty 
of detecting true standing waves, i.e., those which do not depend 
for their existence on the presence of the probe or the slot. The 
same problem exists to a lesser degree in open-wire systems, but 
usually the presence of @ small lightly loaded pickup probe or loop 

has little effect on the line characteristics, If miniature tech= 

nique could be sufficiently developed, some improvement might be 
effected with coatial or screened lines, but the difficulty is that 
the smaller the conductors become, the weaker must be the field 

strength, otherwise there would be a breakdown of the dielectric, or 
corona discharge. Since at frequencies of the order of 3000 Mc/s 
and upwards amplification is not yet practicable, the low power 
available fron small pick=ups is the limiting factor in standing wave 
indication. It is therefore necessary at these frequencies to 
exercise the greatest care in design to minimise the likelihood of 
mismatching. The only empirical check practicable is usually an 
overall one, in which stubs or transformers are adjusted to provide 
maximum power delivered to the load, usually the aerial system. 

The essential feature of a standing wave indicator is a 
means of estimating field strength. ‘m one of the most elementary 
forms this is a simpte neon lamp, the brightness of which increases 
with the intensity of the alternating electric field in which it is 
placed. A more complicated indicator might consist of a pick-up probe or 

loop coupled to a resonant circuit across which is placed a resouance 
indicator, such as a valve voltmeter. This is more accurate thar 

the neon indicator, and, since it absorbs but little cnergy, can be 
designed to have negligible effect on the line under test. The 
indicator is moved along the line with a constant disposition relat- 
ive to the conductors, and the meter or neon'shows the increase or 
decrease in intensity. Matching devices are then adjusted until the 

standing wave ratio is a minimum, 

If the meter is a sjuare-law device, as is often the case, it 
is the square of the standing wave ratio, or as it is sometimes called, 

the Power Standing Wave Ratio, which is obtained directly from mximnum 
and minimun readings. 

40. Common T/R Circuits 

Radar systems which use a common aerial for transmitting and 

receiving require a special type of transmission system which ensures 
that the signal energy takes the correct path on each occasion. ‘Two 
basic circuits, the series and parallel combinations, are depicted in 

Fig. 178. In both arrangements it is desirable that, to avoid stand= 
ing waves, the characteristic impedances of the three cables at the 

Junction should have the same value, Ro. 

In the parallel circuit, ideally:- 

' 8 when transmitting, Zn = Ros 2p = Ror 2p = 

u when receiving, Za = Ro» Zp = 0, Zp Ros 
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In the series circuit, ideally:- 

When transmitting, Zy = Ros 2p = Ros 2p = 93 

when receiving, a= Ro» a = Oo, Zp = Roe 

| 

__| + tl 

2p ZR Le Zp 

PARALLEL SERIES 

ize 178 - Alternative arrangements for 
conmon T/R workinge 

In aadition, in the series case the spacing of the lines must 
not be such as substantially to increase the path lengths of one 
conductor canpared with the other either when transmitting or when 
receiving. / This amounts to the normal requirement that the spacing 

of the conauctors must be small compared with the wavelencth. - 

These changes in impedance must be synchronised with the 
firing of the transmitter, The change in ap may be due merely to 
the transmitter ceasing to operate, If the impedance which it pres- 

ents at the junction changes from R, to either a sufficiently high 
or a sufficiently low value when oscillations cease, one of the 
requirements of the basic.circuits is thereby automatically satisfied. 
The other requirement necessitates special provision to change the 
input impedance to the réteiver line. 

(a) N (b) 4A _ 
me 44 — 2 { 

oO 
GAS 
DISCHARGE 
TUBE o o 

() »- +1. 2-4 
om 

@ 
~ige 179 - Basie switching circuit am modifications. 

O- 

A basic circuit for providing this change is shown in Fig. 
179. AA section of transmission line is terminated in a spark gap 

he 
or other discharge valve. The voltage of the received pulse is quite 

inadequate for igniting this valve, so that its impedance remains very 
large during reception. When the transmitter fires, the pulse 

ignites the valve which then possesses a small impedance, which is main- 
tained by the ionized gases without absorbing further appreciable 
energy from the pulse. This small terminating impedance makes the 

input impedance to the A line very large, 
4 

If an extra A line is added to the left of the section, as in 
mn 

.Fig. 179(b), the input impedance changes from an open circuit to a 
short circuit as the transmitter fires, since the line then acts as 

aA section, (1;1 transformer). 
2 A 

It is an advantage to add to the section an extra line, short- 
circuited at the termination, as shown in Fig. 179(c). this ensures 
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that before the valve strikes it is positioned at a voltage antinode 
and is thus more readily ignited by the transmitted pulse. 

This arrangement is incorporated as a shunt element in the 

parallel circuit shown in Fig.180(a) and in the series arrangement 
of Fig. 180(b). Alternatively a similar arrangement may be used as 
@ series element, as in Figs.18Q(c) and (a) It is left to the reader 
to verify that these arrangements satisfy the basic requirements for 
Pig.178, described at the beginning of this section. 

= 
o-_— “A =) “A “oO 

=. dal a ae | 
° 7 0 o— me) 

Jail 
4 a 

(a) ; (b) 2 

st st Fige 180 ~ 

4 4 Incorporation of 
“ N switching valve in 

common T, circuits. 

(c) (d) T 
4 i 

{ d N ki i tL 
at JR wt (JiR, 

oo Oo Oo =) 

It shquld be noted that the A or A sections fulfil their 
4 2 

functions in the steady states only. There is always a build-up 
time required, during which the wavefront of the transmitter pulse 
divides at the junction and part is carried to th® aerial, part to 
the switching valve section in the receiver lead, and part is re~ 
flected because of the temporary mismatch. his transient period 
will occupy a number gf cyoles, but forms only a negligible fraction 
of the pulse width, provided a sufficiently high frequency is employ- 
ed. 

It is common to use more than one valve or ocher switching 
device, at different points on the receiver feeder, as it is more 
reliable to use several relatively simple switches rather than to 
attempt to provide a sufficient degree of reliability with a single 
switch, 

Where it is not possible to rely upon the change in output 
impedance of the transmitter to provide the necessary switching in 
that branch of the circuit, an additional svitching circuit is necess= 
ary. Alternative arrangements are shown in Fig. 181. In the para- 
llel case (a) or (c), the input impedance zp changes from an open 
circuit, its value when the transmitter is not pulsing and the valve 

is open, to R, when the transmitter fires and closes the valve. In 
the series case (b) or (d) 2, changes from a short-circuit to Ry as 
the transmitter fires. 

Neon valves and open or enclosed spark gaps may be used as 
switching valves with open-wire lines. Open spark gaps may or may not 
be *blown", and a “keep-alive" electrode, although sometimes desirable, 
is not always necessary (See Chapter 6). 
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Jig, 181 - Alternative arrangements for 
switching the transmitter branch of the 
feeder system, 

In the adaptation of this technique to coaxial lines or wave 
guides a soft rhumbatron is commonly used as a switching device. 

The valve may be inserted in series with the receiver lead, as shown 
in Fig. 182(a); the equivalent circuit is shown at (b). The input 
impedance of this valve is normally resistive and of magnitude Rp, 
the rhumbatron acting as a transformer which is adjusted by the 
positioning of the current loops, When the transmitter fires, the 
gases in the valve ionize and this condition corresponds to short- 
cirouiting the secondary circuit between A and B. The input imped~ 
ance becomes small and almost purely reactive, It is this change in 
input impedance that fulfils the function of the switching valve. 

TO RECEIVER 

A 

= My Fig. 182 = Use of 
tr A soft rhunbatron as 

APPROX 8 switching valve, 

TO JUNCTION 

(a) (b) EQUIVALENT CIRCUIT 

Pig. 183 - Simple but 
inefficient system which 

relies on change in trans- Rr = py WHEN THE TRANSMITTER |S PULSING. 
mitter impedance. Rr = GR, WHEN THE TRANOMITTER IS QUIESCENT 

Ay «+ — AR 

A very simple but inefficient common T/R system can operate 
without any switching valves, relying entirely on the change in out~ 

put impedance of the transmitter and allowing considerable mismatch- 

ing on reception. This may be illustrated with reference to Fig. 183. 
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If pRp is the input resistance of the transuitter branch of 
the feeder system at the junction when the transmitter is pulsing, 
and hp When it is quiescent, the following relations should be sat~ 
isfitd, 

(i) pRp = Rg + Rp, and R, >> Rp; this ensures that on trans= 
mission, most of the energy goes to the aerial, and that 
the system is then properly matched, 

(ii} Rp» gipi this ensures that on reception most of the 
energy goes to the receiver, However, the previous 

requirement, Ry » » implies that a mismatch on 

receiving is inevitable, 

The overall requirements are:=< 

Bap > Ry > By > gRy- 

The corresponding relations for the parallel circuls of Pig. 
178 are obtained by reversing the inequalities throughout; viz; 

Py < RR KR SK Re 

LIMTIsTIONS OF TRANS. ISSION LINES 

41, Resistive and Dielectric Losses 

It was stated in Sec. 18 that the propagation constant per 
unit length of a transmission line may bewitten 

ve VS (Ry + Jwly) (Gy + jul, ) 

Of + IBe, 

Where Qf is the loss in nepers per wit length. In Sec. 22 it was 

further stated that whenwLy » 1 andiwo, » 1 it is uswlly 
R, G4 

sufficiently accurate to take the loss in nepers as 

R 
Where Ql, = a » and is the loss attributable to the finite conduct~ 

° 
G 

ivity of the conductors, anda@g = “ite » representing the dielectric 

loss factor. 

42. Resistive Losses 

For @ parallel pair, of radius r en. separation d, the value 
of Rg may be written as 

provided d > r, 
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pM being the permeability and 0 the conductivity of the metal, and f 
the frequency. 

For a coaxial cable of inner radius ry and outer ro, 

Ry & J? Si jPi i jhe . LO f rv oy BN oe » Where the suffixes 1 

and 2 correspond to the inneramd outer conductors respectively. 

Using the formula for Rg given in Section 18, we may write;- 

oon 
r (a/B+ a /B + 

_ vt tet 1 oH 

In the particular case where jy = fo,T) =To, 

10839 (<2 se 

From these results we may conclude that for both balanced- 
pair and coaxial lines:- 

(1) a ,ocV/F. 
F2 

(ii) for a given Ry (i.e., a fixed ratio Fy OF $0, is reduc- 

ed by increasing the size of the conductors. 

(iii) a, is reduced by using metals with high conductivity and 
low permeability. 

Further results applicable to coaxial cables only are:- 

rr 
(iv) There is an optimum value of —2 which depends on the 

conditions imposed on the variation of ry and Loe 

Viz. For minimum resistive losses with a constant 
value for ro, ¥2 should be 3°6. 

rl 

For maximum dielectric strength, giving the least 
chance of a breakdown, e should be 2°72, 

(v} When the conductivities do not have to be equal, the 
higher conductivity should be.given to the inner 
conductor, 

Results applicable to balanced=pair lines only are:= 

(vi) For minimum resistive losses with a constant value for 
d, 4 should be approximately 4. 

r 
For maximun dielectric strength the oytimum ratio is 
approximately d = 5+4. 
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43. Dielectric Losses 

™he power factor F ofa dielectric is equal to cos @ , whers 
tan JZ =wWC? , Since we ar. concerned with low losses only, we may 

G 
take 

Wp WD Gy 

so that Pe cot 9 = She 

Hence Gy ad wOyF. 

Substituting this in the expression forag given in Sec, J, 
we have 

G3 & wo, FRo & wR YI » since R, & st 
2 2 

— CLSay 
® re 

&* Tm, eWhere u is the velocity of propagation 
u 

in the dielectric, 

ht. Frequency Effects 

"Since resistive losses are proportional to./f#, and dielectric 
losses to f, it follows that the former predominate at low, and tne 
latter at high, frequencies. Cables are normally used below the 
frecuency at which dielectric and resistive losses are equal. 

454 Coaxial Cables with Low Losses 

Cables with the lowest attenuation are those with air as di- 
electric. The central conductor should be rigidly supported on 
insulating spacers of low-loss material (e.g., distrene) in order to 
preserve the characteristic properties of the cable. Such a cable 
is usually inflexible. Flexible cables require some dielectric 
filling to support the inner conductor and to keep it central, and a 
dielectric should be employed, if one exists, such thatQ, is less 
than A, at the operating frequency. 

The radius rj, of the inner conductor should be chosen as 
large as possible consistent with flexibility, and the outer should 
be given a redius r2 = 3°6r,, (approximately). 

For a solid copper inner conductor a typical value of the 
diameter is 0°056 inches, with 0-33 inches for the outer. With di- 
electric constant 2°3, the characteristic impedance would be Ro = 

‘75 ohms. To increase the effective radius of the inner while re- 
taining flexibility, a stranded inner is sometimes employed. This 
procedure is successful at the lower frequencies, but at higher 
frequencies stranding increases the loss in the inner. It is 
important to protect the outer conductor, which is often braided for 
flexibility, from corrosion, which increases the loss and causes the 
cable to exhibit inconsistent electrical behaviour. Protection is 
afforded usually by an outer sheath of polyvinyl chloride or by a 
coating of enamel. Where a breided outer conductor is used the 
paths of the currents along the strands of the braid are oblique to 
the axis, and are effectively lengthened so that the loss in the outer 

is somewhat increased, 
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46. Other Losses in Open-wire Peeders 

The effect of weather on open-wire lines may be serious if 
thu line is several wavelengths long. Damp on insulators and spacers 
may considerably alter line characteristics and cause standing waves 
to develop. itv is possible to minimise these effects by using 
conductors stretched between fixed end supports rather than support=- 
ed at intervals along the line; and these supports should be of the 
metal insulator type. 

Losses occur at b 
frequencies at which the “a (b) 
spacing between the cond= = OS 
uctors is comparable with @) ? 
the wavelength. If = 
there are discontinuities ¢ (c) 
in the line (and at either Pe e/\E 
the beginning or the end 

some form of discontinuity 
is inevitable) radiation 
losses occur. But in any aie i84 - Resultant fields due to 
case, the existence of » alternatjug currents wlien d is 
comparatively large indw-—- comparable with A .» 
tion fields at points near 
the line may cause consider- 
able loss due to pickup in 

neighbouring conductors, These conductors may dissipate the energy 
in the form of heat or, which is usually even more undesirable, 
rediate electroma netic energy waich would interfere with the direct— 

ivity of the main aerial systen. 

The manner in which these fields occur is shown in Fig. 164. 
The vector EL represents the time-variable electric field a. Q due 
to the current in a small element of the line at Py, and ES that due 
to the corresponding element at Po. These currents are in opposition, 
so that, provided Q is equidistant from Py and Po, the equal vectors 
EY and Ho will be antiphase and the resultant vector will be of 
negligible magnitude. 

This will be true for all positions of Q provided Py; and FP. 
are separated hy d& A, as for the case (b). Where dis not small 
compared withA, there will be positions of Q for which the differ=- 
ence in pathlengths Pl @ and Po Q causes an appreciable phase differ- 

ence in Ey and Ep at Q as at (c). There is thus a resultant vector, 
whose magnitude is not negligible, at points several wavelengths from 
the conductors, This normally represents the induction field, but 
at discontinuities in the conductors the same applies to the radiation 

field ; [for a consideration of these different fields see 
BR 229 Sec. R para. 7 or aP 1093 Chap. Vil’ para. 31.] 

In general, more energy is stored in the electric and magnetic 
fields at regions further from the conductors and moie extraneous 

radiation of energy occurs as the frequency is raised.” 

A short length of tranamission line improperly terminated may 
be used as an aerial because of this fact. Some microwave oscilla- 
tors have open-circuited lines built into the valve-circults inside 
the envelope and these fulfil the dual role of resonant circuits and 

radiators, They may be inserted in waveguides without external 
gomections, energy being rediated direct from the standing wave 

system on the openmcircuited line. 

199



Chapek, Secte47, 48 

CIROLS DIAGRALS 

47. Introduction 

In Sec. 16 an analytical expresssion was given for the input 
impedance of a wmiform lossiess line of characteristic iinpedance Ro 
terminated in any impedance Gre Practical problems re .uiring the use 
of such relationships in successive applications give rise to 
complicated arithmetical manipulations which make the analytical 
method of solution tedious and which mask the physical significance 

of the processes employed. A geometrical method of tackling such 
problems involving tne use of Circle Diagrams gives results which are 
sufficiently accurate fo. most practical work, and are speedily 
obtainable with a little practice and familiarity with the method. 
Also the pictorial representation involved in this method helps to 
keep’ the physical principles in mind, since movement from one part of 
a line to another is represented by a particular type of movement 
Prom one part of the diagram to another. The subsequent sections 
are devoted to a description of the Circle Diagram or Transmission 
Line Calculator and the methods by which it may be used in the solu- 
tion of transmission line (and waveguide) problems, By this means 
geome of the problems already dealt with qualitatively can be given 
@ quantitative interpretation. 

We make no attempt to discuss the theory of circle diagrams 
but merely show how they can be employed to solve transmission line 
problems. Further, although two forms of circle diagrams are in 
common use, the Cartesian and the Polar, we shall here limit our- 

selves to a description of the former atone. 

48. Normalised Impedances and Admittances 

The fundamental formula of Section 16, 

z.+d tan g a (6 = ant) Ro + j 2, tan g x 

may bewitten in the form: 
ar . 

zg = Ho+ J ten 

Ro 1+ 525 ten fg 
Ry 

z Z . 
f po} = ti If we now replace i and E, by and respectively, we have 

[2,]+ j tan g 

(“3 Le j [27] tan g” 

that the formula ti and depends only on £ and not g0 e form connec ing ‘ 

on Roe 

The ratio [2] = z. is called a Normalised Impedance, and is 

dimensionless. 

Similarly, = £ is called @ Normalised Admittance; 

(@g2+iL)}. 
Ro 

* In diagrams, italics are used to denote normalised impedances 
and admittances,
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Clearly, 

= 

(
s
v
 

» 
|e

" 
|
<
 

so that the recip: ca” relation between admittance and impedance 

holds also for their norm .lised equivalences, 

The use of normalised impedances and admittances makes it 
possible to use the same system of co-ordinates for all circle dia- 

grams applied to any uniform loss~less line. Also, the sane 

normlised quantity [2] or may be taken to represent either an 
impedance or an admittance (normalised) since both are dimensionless. 

IfasR+ KX; 

then = «9 » Where and |X} are the Lz) = [R] [x] 3] 
normalised resistance and reactance respectively, given by 

(R] = & and = x, 
Bo Bo 

similarly, if y=G-+ 35, 

then’ [¥] = +3 [B], where [G] = S and [3B] = 2, 

49, he Cartesian Circle Diagram 

Pig. 185 is an example of a Cartesian Circle Diagram, It 
comprises a Cartesian system of axes as a background which is indicated 
separately in Figs186(a}. When working with circle diagrams, imped- 
ances and admittances must first be reduced to their normalised forms 

[z] = "1 Ro and fy] = Wags 

An impedance = + 57%] is represented on the 

diagram by the point P ’ [4] whose co-ordinates are and 

as shown. 

The impedance (z} can be regarded as being represented either 
—_> 

by the point P or by the vector @. In the same way an admittance 

= ial + J[B] is represented by the vector ® or by the point 

Q (Fig. 186(a)). 

Superimposed on the Cartesian reference systen is a family 
of camplete circles, the ucircles, and another family of circuler 
arcs, the n-arcs, that cut the u-circles at right angles, It is 

not necessary to understand the theory and construction of the dia- 
gram in order to use it, but for interest some properties of the 
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Chap.4, Sect.49 

The circle u= 0 is therefore the same as the + Sfx] (+9 [B]) 
axis. 

At the other extreme, when u= @, then, according to (2) 
the radius of the circle is zero and its centre is the point (1,0). 

The circle given by : 

u = oo 

ig the point C in Fig. 186(b). Finite values of u give circles of 
the type shown, 

In practice, the quantity u is associated with the loss in 
amplitude on reflection at an impedance, or with the attenuation of 
a travelling wave, and it is convenient to attach to each circle its 

u=value in decibels instead of its immediate u-value in nepers. This 
has been done in Fig. 185. 

If [x] is put equal to zero in equation (1) we find that the 

circle cuts the [R] “axis at distances and |Ro| from the origin 

such that, 

= coth 2u + cosech 2u 

whence, [Ra] = tanh u and = coth u 

and (B|[Re| = 1, 

This is equivalent to the equation 

Zg = Ry ey: of section 34, where 2, and z,, are both 

resistive. 

aczarcs 

These are ares of circles whose equations are, 

[R] 2 + ([x] + cot 4 7 n)? = cosee* kK n oceveee(3)e 

Their centres therefore lie on the + j[x]axis at the points, 

. (0, = COE ATM 2) cccccccsccccccsccnccecsccccesee (A) 

and their radii are: cosec &in. 

For each value of n within the range 0 to $ we obtain an arc, but the 
sequence of arcs repeats if n is increased beyond the value of 4. 

An n-are is shown in Pig. 186(c). According to equation (4) 
and Fig, 186(c), since in the triangle ODC, OD = ~ cot 47 n and 
DC = cosec 4 Wn, the angle ODC = -4 in and OC = 1. 

Thus, all n-arcs start out from the unit point ¢ (1,0). 

When n = O the centre of the arc lies at minus infinity on 
the j[x]axis. The are n = O is therefore the portion CO of the 

real axis. As nis increased the centres D move up the + 5[x] 
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circles are given in Bork - PRX) 
the following (starred) h 
paragraph. 

EME 

GorR Properties of the Circles 
and Ares 

u-circles are the 
loci traced out by the @) 

point given by BoaX 

‘ - zl + j tan 27%n 

Le j[2r] tan 2nn 

wy 
where n -£ and coTH 24 % 

BR Gak 

(b) 

ce] 
7 c when is kept constant, Ri (00) 

but n is allowed to vary. ° 

; 3 
If nis kept 

constant and is allowed 

to assume various purely b 
resistive values, the locus Bok 

‘OR. 
of [2s] 4s an n=-arce 

u-circles 
Xx iN 

It may be shown that o| 2-0 . + CaR f=
 

= a R 

: . . ad \ 
the equation of a u-circle in Res \ 

the [R] , [x] system of co= 

ordinates is 

([B] — coth 2u)* + 2s F ah) 

cosech” 2U ...seeeeeeee(L)- Ei} (c) 

“COT 47 ‘ 

(haan 

The centre of this X 

cirele lies-.on the 
axis at the point Xx, 

(soth 2u, 0) rns @-3 Fh Pp 44 = CONSTANT 

and its radius is, Z 

a= cosech 2u. R, R 

se A.9) R 

A uecircle is shown in Fig. 
186(b). @ 

: ‘ z 
By assigning to ua ze) 

sequence of values 4 family @+%) 

of cireles is obtained in 

which one circle corresponds (d) 

to one value of wu 
Sige 186 ~ Properties of circle 

When u= 0, equation (2} gives diagrams 

the circle an infinite radius 

and places its centre at plus 

infinity along the [R] ~axise 

195



Chaps, Secte49,50 

axis and finally reach the origin when n = Ye - As nu increases 

further the centre D continues to move upwards and disappears to plus 

infinity at n= 4,. 

The portion CG of the real axis is the arc n= W,. When n 
increases in a series of equal increments a set of arcs is obtained 
in the upper half of the diagram as shown. Those in the lower half 
are easily obtained by completing the semicircle of which each n-arc 

in the upper half is a portion, The completing arc, dotted in Pig, 
186{c}, is called the complementary arc. If the n=value of an upper 
arc is n, then that of its complementary arc is (n+ 1/4). Thus, 
the n~values of the upper arcs range fromn = 0 ton = 1/4, and of the 
lower arcs frmn= kh ton=1/2, The arc n = 1/2 is again the 
line GO which is also the arc n= 0. 

If n exceeds the value of 1/2 and is for instance equal to 

n= @+ n') where h= 1, 2, 3, etc. then the arc n is the same as 

the are n‘', 

The distances from the origin (x, and at which the 

same semicircle (arcs n and n+ 1/h), cuts the + j[X]axis are obtained 

by putting [R] = O in equation (3). 

Thus , [x] = + cosec knn - cot kan =+ 1-903 kin 
sin 4Nn 

That is, 

= tan 27n; BS mCOt ANN ascecsenewceeee (5) 

as shown in Fig. 81(c). 

it follows that, 

= Cooma se esas eeneteeasr tesserae 6). ; © 
If is a normalised reactance then is the corresponding 

normalised susceptance and conversely. 

50. Applications of the Circle Diagram 

Each u-circle corresponds to a particular standing wave 
distribution on the line. All points corresponding to input imped~ 
ances at varicus positions on the same standing wave system lie on 
the same u~circle. The application of circle diagrams to lossy 
lines, in which the standing wave ratio varies from point to point, 
is discussed in Sec. 53. 

Each n-are corresponds to the position of points relative to 
the standing wave system in Which they are located, The difference 
between two values of n corresponds to the distance along the line, 

measured in wavelengths; i.e. 

={ n° =a 17 Re "5 

An inportant property of the diagram is illustrated iu Fig. 
186(d). It shows a complete u-circle enclosing the unit point 
C({1, 0) and two n-arcs, CP and CQ that intersect it at P andQ. The 
n~value of each nvarc is marked on it near its end and each u-circle 
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also is tarked witn its u-value (Fig. 185). As an inspection of the 
chart will reveal the values of n run from zero for the arc 
CO ton = 1/2 as CO is reached again from below, whereas the values 
of u range from zero for the reactive axis of co-ordinates to infin- 
ity at the limiting point G. In Pig. 186(d) the arcs OP and CQ bele 
ong to the same semicircle and are called complementary. It will be 
sound that if the n-value of any arc CP is n, then that of its 

complementary arc CQ is (n+ 4). 

Further, if OP represents the normalised impedance 

z = [R] + J[x] (i.e. P is the point [R], [x] ) then 0Q represents 

the normalised impedance (or normalised admittance) =V/[z]. 

By this we mean that if the length of OP is [Z], the magnitule of 
“ , . 1 [2], and the angle COP isa, then the length of 0Q is [Z| ar 

and the angle COQ isat =-a. It must be stressed that for this 
to be true CP and CQ must be complementary arcs, 

Thus, if [z] = + j{X] is a normalised impedame represent~ 

ed by OP, then the associated normalised admittance “28 + 3[B] 

is represented by 0}. (Fig. 186(4)). 

In particular, if the angle a is zero then P lies on the 

real axis and OP represents a pure normalised resistance, say. 

The point Q will also fall on the real axis at the opposite end of 

the diameter and will correspond to the conductance = [2b 

auch that = il, 

Similarly,’ when o = 90° the arc CP meets the imaginary axis 

- in the reactance point + 5[%} Then the arc CQ meets this axia at 

the corresponding susceptance point <j [X2] auch that|%q|[x,] = el, 

Sl. | Numerical Examples 

To find the Input Impedance ws given R,, Bs { anda. 
The line is assumed to be loss-free. “ Refer to Fig. 187(a). 

Procedure 

le First normaliae £,, the terminating impedance; thus 

« Tooke 5% i Zz, = = +j-m = + JX]. 
Bo Ro R, 

2. Plot the point = + 5[X,] on the cartesian diagram 
(Point P, Fig. 187(a)). 

Je Note the value of 

(i) the n-arc n,, 

(ii) the wcircle uw, 
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that pasa throuch PF (or 
estimate these values by 
interpolation between 

circles and arcs). Ny Np + £ 
. Z, =Rs+ ‘Xs 

he  Svaluate YA ana X seed 
add it to n_ to obtain 

Yr 5° 
4 ° 

no=n, + VEN . te Us= Up 

Since the line is loss-free, Xp- ya 
Ug = Dye ° R 

5. Traverse in a clockwise Rr Rs 
sense the u-cirele u = Uy 

until it meets the n-are, 
neng=n+ 4, at the 

point Q@ At this point 

the normlised impedance 
ia 

The input impedance is, as 
required 

2, =R, . 5, E,] = 

R, + JXs. 

Example 1 

A loss-free trans- 

mission line whose charact- 
eristic impedance is 300 ohms 
and whose length is O°3A ia 
terminated by a load, z= 

(660 + 3 300). 

Ar
! 

m
e
 

rind the input impedance. 

The normalised load is (b) 
Z, 

== =(2+ jl). Sige 187 - Use of circle diagrans, 
© 

Prom Pig, 185 the u and n- 
values of the impedance 
point [2,] = 2+ jl, are i- 

u, = 3*5 db; Dh = O°2135. 

ivaluate 

Uz = Us n= 0-213 + 4, 

= 0°5136 

The are n = 0°513 is the same as the arc n, = 0-013. 

The point of intersection of the circle u = Up, = 5°5 db and the arc 
n=n, = o013 is 

= (0°38 + 3 0*07)- 
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fhe input impedance is therefore 

z = 300 Fs] ° (114 + gj 22). 

Example 2 

The transmission line of example 1 is terminated by an admit= 
tance yr =Gpe j Bp = (0°01 + Jj 0+005). 

Find the input admittance. 

We treat admittances exactly as if they were impedances. We 
therefore follow the procedure formulated above;-— 

The normalised admittance is, 

Fe) + Fe = Aya 28H, 2 Oe STD, 
e 

Plot the point = (3+ J 1°5) and note u, and n,. From 

Pig. 185 we read, 

uw, = 2°32 dbs mw, = 0°227. 

Form mg = n+ 4 = 0°227 + O35 = 0° 527. 

We may therefore take ng to be 0°027. 

The point of intersection of the arc ng = 0027 and the 

circle Up = 2°32 is, 

= 0°28 + j Orl7. 

The input admittance is, 

Ys =Ge - gal - 0028 + 5 0 +i Qoi7 

= 0-0009 + j 0°00057- 

Example 5 

Pind the normalised admittance that correspomis to the imped- 
ance [sy] ef example 1. 

According to Sec. 50, and Fig. 186(d) the admittance of the 

impedance Fr} which lies at the intersection of the circle u and arc 
n (vector OF Fig. 186(d)) is represented by the point of intersection 
ef the circle u and the complementary arc (a +.4). 

From example 1, 

Z m 35 ab; nm, = 0°213. ri = 24412; 

Consequently, for Yr]= 

[I
r 

oF 

U= w= 3*5 db; n= (n, + 4) = 0°463. 
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From Pig. 185 

= (0-4 - Jj 0-2). 

(By calculation: Fr] = 

Example & 

The transmission line of example l'is terminated by an 
inductive reactance X, = 150 ohms, Find z, when? = G*3”, 

We have;~ 

Xr} 2 Xe 2 XE = Os, FJ=o+ 3. 05. 

Bp = QO; ay. = 0-074. 

For [A]; usu, =0; aan es Ya = 07h + 05 = O37 

From the chart a - jl. Hence z, is a capacitive 

reactance ef 300 ohms. 

E Le 

Find the standing wave ratio § on the transmission line of 

example 1. 
A 

According to Sec. 13, S= - = |Z. 

The point [zr] = 24 jl lies on the u-circle u, = 3¢5 db 

and arc a, = 0-213. 

The impedance z, becomes purely resistive at the points 

and where this circle cuts the resistive axia. 

From Fig.185, this occurs at 

= 2¢623 = wt = 0°382. 
2+ 62 

Whence S = 2626 

A 

The distance ¢, of » Which is that of the nearest voltage 

antinede from is given by: 

An = 0°25 ~ 0213 = 0-037 = ¢ 
Vy . 

Whence 4% = 0+037A, a 

Similarly the distance of the nearest voltage node is at 

£5 = (0°5 = 06213)A= 02870. 
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52. Use of Gircle Diagram .o Deteriaine the Magnitude of the Load 

Impedance fron a Knowledge of ne Standing Wave Pattern 

A knowledge of the standing wave pattern enables us to deter~ 
mine 5 andA, and shows the distances of the voltage nodes and anti~ 
nodes from the termination. At voltage antinodes and nodes the 
line impedance becomes purely resistive and attains its maximum and 

minimum values Z and a 

Further (see Sec. 13) 
4 R 

S= 42. = 8 , so that 
Ro pA 

oN 2 

ZZ = RS. 

We may write 

3 = [2] 
i 

fj) ° 

Since S$ determines and » the representative uecircle is 

determined uniquely by the standing wave ratio, (S, 0) and ($ » O) 
being the ends of its resistive-axis diameter. 

As the distance ? from the load is increased the representative point 
Q of the impedance (Pig. 187(a)) traverses its urcircle. 

A displacement of “/ 2 along the line from any position takes 
Q exactly once round the u-circle so that if returns to the original 

impedance . Thus the magnitude of the normalised impedance 

oscillates between the extremes of and as @ continues to 

traverse the circumference. 

Whea S, A and ey (the distance of the first voltage antinode 
from the termination) are known from the standing wave pattern then 
the procedure of example 5, Sec. 51, may be reversed to give Zy. 

Thus we plot = § on the real axis (are n = 1/4) as shown 

in Fig. 187(b). 

As we move away from the generator towards the load the moving 
point Q traverses the u-circle in a comber-clockwise sense. 

If, therefore, Q starts at S, the position of voltage antinode, 

it reaches the point P corresponding to Zp, where the u-circle through 
S$ cuts the arc n = ny = (0°25 = tA), since 2, lies at a distance 77 
from the voltage antinode on the side away from the generator. The 
normalised line impedances at all other positions in this sanding 

Wave pattern are represented by points on the uscircle through S. 

Example 

Suppose S = 5 and é, = OLA, Find zy. 

Then u= 1-8, The intersection of the circle u = 1°8 with 
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the arc n = 0¢25 = O-I = 0-15 is the point zr] = 0°55 + j 1°23. 

53. Application ef Circle Diagrams to Lines wita Low Losses 

When the line loss cannot be neglected then it is not only 
necessary to evaluate n =n, + TN but also to determine the wilue 

of u, which is no longer equal to u,; that is, the representative 
peint dees not remain on the same u-circle for different lengths of 
the line. If the movement on the line is away from the load 
towards the generator then u, increases with? and @ moves on the 
diagram in a spiral towards the’ limiting point C (1,0). When 
becomes large then the input impedance z, is always represented by 
a point very near C. This is equivalent to saying that tne normal- 
ised input impedance of a long attenuating transmission line is 

a Ll; i.e, Zg = Ro- 

The conversion of u to ug is made as follows. It is supposed 
that the signal loss in decibels in a standard length of the line 
(say 100 are) is known, Suppose that the transmission line shown 
in Fig. 187(a) produces an attenuation in a travelling wave of ay 
decibels per unit length and therefore a = ayl decibels for length ¢ * 
To find the normalised input impedance [2 ,] when [2,] is known 

proceed as follows:- 

Locate as before on the diagram and note u,, and ns 

(u, in decibels). 

Evaluate ug = (u,+ a) and n, = (a, + ). 

Move clockwise around the up circle up to the arc ng. Move 
inwards along the ng arc to its point of intersection with the circle 
ge 

This determines the representative point of 

Exaple 
& resistance ef 200 ohms temninates a 50 ft length of Uni- 

radio 1 cable (Rg = 72 otms; ay = 3°5 db. per 100 feet at 200 Mc/s. 
and K % 2°25): Wind the input impedance at a frequency of 200 Mc/s. 

= = « 50. ° ° a at 3-5 x 2 1°75 db 

The wavelength in air is 1} metres and in the cable is 

3 el. 1 metre. Whence Y, .- 1 5°25 . 

2 Jk i. ° 

= 200 = 2e 78 + 3.0 

From Pig. 185 

UW, = 5°35; Mp = 0.25 

U, = 33 + 1°75 = 5005 db; ng = np + 15°25 = 155 

The arc n = ng is equivalent to the arc n = O 
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From Fig. 183 

5 72 = (37.4 + jeO)- 

5. Application of Circle Diagrams to Matching Devices constructed 
from Sections of Uniform Loss-free Transmission Line 

0.534 9.0. 

it Hence z 

(i) Important Property of Circle Diagrams 

Refer to Fig. 1883 let OF represent the impedance >» and 

OP the corresponding input impedance at the point P distance £, fran 

rR. If varies in such a manner that the point R traces out a 

R circle, then it can be shown P 
mathematically or by plotting F— é. 
a series of points that the — 
point P also traces a circle, 
(or, in some cases, a straight 
line). (a) 

zs 

— 

The method of plotting 
the point P corresponding to a 

particular position of R ia Y 
indicated in the figure. In { RL 
the perticular case when the OT) \ tp (acs OF B) 
circle-locus ef R degenerates 4 i _ 
into a straight line (circle fo Lr x 
of infinite radius) the locus / A \ 
of P is still in general, a ° | 0) — 
cirele. \ (mn £) } 

25 ‘< / 

fhe property is of NL \ u~ 4 — CIRCLE 
importance in the demon- eo Ne THROUCH  R 
stration of some matching eeocee — 
problems using circle diagrams. 
It is used in the cases given (tocus OF P) 
belew, of Double Stub Matching (b) 
and “Matching by Slugs. 

Mathematically, the sig. 188 - Important property o1 
relation circle dlagrarise 

leg tan 2 nd 
2s) 5 x A, >» Where 4 is constant, 

2n 
[rx] + J tan rx 

is ef the form , 

[2,]= a+ p [2,1 » Where, in general,d , 8 3 > 

y +6 Fr] are complex as well os frsjaba 

This may be written in the form 

[Zn] = ali+ _fFt > and is equivalent to the following 
(z,\* 7" steps:- 
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{1} a translation, 

(2) an inversion, 

(3) a magnification and a rotation, and 

(4) a fucther translation. 

None of these steps distorts the circular shape of the locus of Fr] 

{Step (2) may transform a circle into a straight line - i.e., a 
circle of infinite radius =- or vice versa. 

(ii) %/2 Transformer 

The action of this, the simplestof line transformers, is 
demonstrated by the movement of the point P (Fig. 186(a)) once 
completely round the appropriate uscircle. 

(iii) 4/4 vransformer 

In this case the point P, corresponding to (Fig. 186(a)) 

traverses the appropriate u-circle from the n-arc te the (n+ %)-arc, 
i.e. to the point Q. 

(iv) Double A/), Transformers 

Consider first the 

behaviour of a single = trans- 

former when a small increase 
in frequency causes the line to 
become rather more than 

A in length. This is illust- 
4 

trated in Fig. 189(a), for the 
ease in which input and output 
impedances are required to be 

resistive. If the terminating 

impedance is R,, (assume R,> Ry), 
normalised impedance is given 

by = = = » Where S is the stand- 

ing wave ratio, and is represent~ 

ed by Ro The input impedance 

R.2 Ro 
Qo. when normalised is = and 

“K- 

is represented by P(S, 0) 
previded the length of the trans- 
former isexactly A . If this 

is imcreased a reactive term is 
introduced, illustrated by the 
peint P', Although the resia~ 
tive component of the input 
impedance is still approximately 
correct a considerable phase 

error may be introduced for a 
small change in wavelength, 

Fig. 189(b) shows a 
double A transformer used 

4, 

xX 

Ri C_Q2 Oy} R 

P, Pi 

©) 

o i_¢ R 
wi Q2 ic in 

a an oe 

@) 

Pig. 189 - Double 4/4 
transformer. 
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to minimise the above effect. The characteristic impedances, 1 Ro 

aad 5. of the * sections of line are related ts the resistances 

at the receiving and sending ends cf the line, in this oase tne 

characteristic resistances of the respectzve feeders, by the rela- 
tions 

Re 4 2 
1B, = *& R, and 2Re = & «JR, > Where DT ® . 

The change ef characteristic impedance at the junction 
generally necessitates changing from one uscirclse to another, 
since for each separate section of line the impedance considered 
must be normalised with respect to the ar-ropriate characteristic 
resistance. 

This is illustrated at (c) for the case when each sedion of 
the double-transformer is exactly 2 in length. Since Rr el, 

oe a 

the standing wave ratio for the first S section is a , and the point 
R of the circle diagram, cerresponding to the input impedance at R 

(Fig. 189(b)), normalised with respect to jR,, is the point (2, 0). 
The point G (1,0) represents the terminating impedance Rp normalised 
with respect te itself. Hence we may consider the change in characte 
eristic impedance at R to be represented on the diagram by movement 
ef the representative peint fromC to R. The change due to the 

movement from R to P (Fig. 199(h)) 15 represented by movement from R 

te Py along the wcircle. Since R is tne point G, 0); Py is the 

point (a, 0). The change in characteristic impedance from 1R, to 
9 ®t P necessitates dividing the normalised impedances by a2, since 

2Re = 8°1Rg, so that. 2 _ 4, . 2. « This transfers the represent- 
o a8 IRo 

ative point te Po, which is (¢ » 0}; the same as R. Movement fom 

P te Q (Pig. 189(b)) is represented by movement along the uecircle 
from Po te Q) in Fig. 189(c), Finally, since Rg = &. 4R,, the 
change in impedance levels at Q is represented by dividing the new 
impedance by a; i.e., the representative point returns te Qo EC 
and the line is properly matched. 

If the frequency is dlightly increased so that the electrical 
length £ ef each of the mtching sections is increased by the same 

amount, the conditions are altered to those shown in Pig. 189(da). 
Provided the frequency shift is not too large the change in n-value 
at Po ia the same as at P, (this can be verified from Fig. 185) so 
that to a first approximation Q, is not shifted, and the input imped- 
ance represented by Qo satisfies the requirements for a broad~band 

mateh. 

A similar argument shows that any odd number of transformers 
with appropriate characteristic impedances, used in cascade, is 
sensitive to changea in frequemcy, whereas any even number is not. 

However, the more LS sections there are inserted between R;, and Rg the 

smaller is the standing wave ratio on each section and the more 

closely do the appropriate uwcircles approach the point C. Ifa 

large number of such transformers is used, with their characteristic 

impedances exponentially graded, a wide-band match is achieved irres- 
pective of whether the number of sections is odd or even. 
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(v) Single Shunt Stub 

This matching device is illustrated in Pig. 190(a}. The 
position of the stub, distant ¢ 4 from the termination T1 Tz is 
variable, and also the length? p of the stub, It is reguired to 

adjust 4y and? so that the input admittance at Py Po has a 
required value ys (usually the characteristic admittance or the line 
connected to P, Po). 

B 

& Fe R — a yp 
Qa pee 

A q% je wa ; 

ed ° : R 
@) 

B : Hs P 

; T fr) 
fBi 

/ 
r 

lap 
(c) 

5 ‘s eg) R 2 

“ \ as 

\ ps) 

VB 
pl 

° c 
. , R 

(b) th a , 

9 Thy Pr 

Fig. 190 - Matching by means of Us IP Be 

a single sliding stub. P 

(a) 

The terminating admittance y, and the characteristic imped= 
ance Rp determine the standing wave pattern and the appropriate te 

circle u= ur for the section Pr (Fig. 190(b)). On this circle the 
points f and P (representing the required input admittance) are 
known. The stub-length4o is adjusted until a susceptance 5 [Bal 

is shunted across the line at P) Pp. This procedure determines the 
point Pt, (There are two alternative positions for Pt corresponding 
to two complementary solutions to the problem. They are the inter 
sections with the circle u= u, of a vertical line drawn through 

» Only one of these two positions is shown on the diagram). 

P' determines the value ng of the required n=arc, The distance fy 

between stub and termination is given by ey = fg = Ny 
A 

if may have any value a match is not always possible, 

i.e. the line through parallel to the susceptance axis may not 

intersect the circle u= up. In most cases however is the 
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characteristic admittance of a line identical with that forming 
the section Pf so that [ys| =l. In this case is the point 

G (1,0) and two solutions are always possible, one of which corres- 
ponds to a Length £4. less than, and the other greater than */4. 
The shorter length is usually preferable, The length £5 corres= 
ponding to the susceptance may be obtained from the circle 

diagram as indicated below or from the formulae; 

x 
= = cot 2 bo for a short-circuited stub. 

l 
= tan 2 *2 for an open-circuited stub. 

The determination from the circle diagram of the length ¢ 2 

corresponding to the susceptance is illustrated at (c). For 

an open-circuited stub draw 09 so that 0Q = + The value no of 

the n~arc through 9 then gives £ 9 from the relation 

4 = 2 
m2 * x 

It is impertant that the direction of the admittance 5[B9] is deter= 

mined correctly. In the case illustrated at (d) the point Q lies 
below the origin, cerresponding to a value of no between 0*25 and 0-5, 

If a short-circuited stub is used 0°25) must be added to, 

or subtracted from, the length £ 9 obtained above for the open=circuited 

stub. 

Numerical] example 

The results of an actual experiment are quoted in illustra- 

tion. 

. The wscreened twin transmission line of Fig. 191 comprised 

a pair of copper wires in tension. The characteristic impedance 

was Ry = 320 chms. 

LOAD 

ot. 

{a , 
bk—2, +e} NA 

ce] 

(a) M ETAL ERECT ING 

Fige 191 - Measurement of an 

impedance at 14 Mo/s. 

La 

ngcal | 

207



Chapel, Sect.5h 

The lines with the stub omitted were fed from a low power, 
leosely coupled 200 Mc/s. oscillator and a complete standing wave 
Was preduced on the line by using the metal plate termination shown. 
The wavelength was obtained from the standing Wave pattern using a 

standing wave indicator. 

The measured wavelength wes 151 centimetres. 

It was found that a voltage antinole existed exactly at /4 
frem the plate which bebaved therefore as a termination of zero 
impedance, 

A resister whose nominal value was 560 ohms was shunted 
across the line at 4/4 from the plate, i.e. where the line imped~ 
ance waa infinite. The terminating impedance of the line to the 
left was therefore that of the resistor alone. A standing wave ratio 
S = 1-84 was foud on the line and a voltage node was lecated at 
dy = 39 centimetres frem the resister towards the generator, At 
this point the normalised admittance of the line is S + j.0 = 
1°84 + 5.0 (See Sec. 52), This, point lies on the cirele u = 5+3 db, 
and the arc n= 0°25. We have La, = 2 = 0-258 Censequently, 

2 ; 
the admittance point of the termination is the point of inter- 

wection ef the circle u= 53 db, and the arc u = (+25 = 0°258) = 

~0-008 which is ejuivalent te the arc n = 0-492, This gives /y,| = 

0°54 = 0°045 

er = Qh, + 0704 J = 184 5. 01136. 
[7x] (0.54) 2 + (0*04)4 

3p 520/z,,] = (576 + 5. 4°36), 

i.e. the "560 ohm resistor" has in fact a resistance of 576 ohms in 
series with an indmwtive reactame of 4°36 ohms. 

The standing wave on the Line was eliminated by the use of a 
short-circuited shunt stub as in Fig. 191(a). The point y, eceupies 
@ position en the circle u= 5e3 db. as shown in Fig.J91 (b). The 
length of line frem y, to Pt is given by 

An 0°15 = 0°49 = -0°34 which is equivalent to 

Dy = O16 

Hence the stub must be placed 0+16 A frem the load, i.e. 
44 = 2he2 cms. 

Since a short=<circuited stub is used its length fo is given 

by lop, = 0°25 4M . From the circle diagram we obtain n2 = Orhl, 

so that *2/, = 0666 which is equivalent to *2/, = 0016. Hence do 

also is 24:°2 cms, 

(vi) Deuble Shunt Stub 

Fig. 192(a) illustrates the use of two shunt stubs of variable 
lengths 43 and ?, separated by a fixed distance to for matching a line 
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te a terminating admit- 

tance yy. It will be 
assumed, as is common in 
practice, that all per- 
tions ef the line and 
stub have the same char= 
acteriatic admittance 

Ge» It is thus required 
te adjust the lengths 2, 
ani‘ so that the 
terminating admittance y, 
is correctly matched te 

Gea 

As rg 1 is varied 
the normalised admittance 
given by;- 

Pe]+ 3B] 
= + 3@rle [Bop UMITS WITHIN WHICH % MUST 

€-| LIE FOR A MATCH TO BE POSSIBLE 

traces a line parallel te 
the ausceptance axis B 
through ( |Gr], 0), Fig. ¥r 
192(b). Since/> is be 
constant the corresponding 
admittance (y3) traces out 
a circle (see (i) above). B, 

This [¥3]~ cirele touches 

the circle u= 0 (the “tia | 
susceptance axis) corres- 
pending te the short= 
circulting ef the line 
when (7 = 0, (n = 0-25), 
the peint ef contact 
being given by u= 0, 

ms Rg + O25 = 2+ 0°25, 
It alse touches the circle 

w= & when B, + By = 0 

(i. e+ [¥9] =(¢,] + 5 [G) , 

the point of contact being 

Locus 

given by ua Up, R= Ro 

when < lanins n, + Fig, 192 - Matching by double shunt 
atub, 

0°25 when >I. 

Actually the ~ circle 

ean be shown to have centre 

Be (2 nT fig) - j cet (2% ng) 

and radius 
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2. cosec* (2% no). 
216r| 

as [Y,] = [y5| + 3 = [En] + 5 ([B3] +[B,]) the possible 

range of available for a given is given by the vertical 

belt shown enclosing the “circle, 

For the required value of ; 

[5] = Ps] - 3a] > [8s] * 3 Pa) ~ Bap 
and the locus of satisfactory values for is another line para- 

llel to the susceptance axis, this tim through [Ss] From an 

intersection, following in a counter-clockwise direction the circle 
U* Up, which passes through the chosen point, fora distance corres- 

ponding to ap = =, the appropriate value of is reached. 

Only one of the two possible solutions is illustrated in Fig. 192(b). 

The stub Llenzths ‘4, and f; may be determined from the 

normalised susceptances and by the method indicated in 

(v} above, 

(vii) Matching by slugs 

In general two degrees of freedom are needed in a device for 
matching a line to a given load, so that a single slug is not adequate. 

A slug may be combined with another matching device, such az a shunt 
stub. The following demonstration will be restricted to the part-= 

ieular case ta which two identical movable Mv k slugs are employed. 

Suppose that two A/b slugs are inserted in a line of charact- 
eristic impedance R, so that the line with the slug present hag a 

characteristic impedance Bo (m > 1), as shown in Fig. 193(a). 
m 

Suppose that the standing wave ratio on the length fy is S$ and that 
it is required to adjust 4) and4o9, if possible, so that the line 
at A is properly matched. 

Phe circle diagram (b} illustrates the procedure, The 
circle u= up represents the input impedance of the line to the 

right of D. ‘This circle has as the extremities of a diameter the 
points C >» O} and (S, 0). For brevity we shall denote this and 

similar circles as the circle (s »S)}- The impedance [20] 

corresponas to a point on the circle u= Up» the position of this 

point depending on the exact position of and the value of 

n= + - It is necessary to convert the locus u= 4 to the 

locus of the impedance » which is the impedance of Z) 
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Sr 
Aa,= 4 NN 

D RAL . . . > 

(b) 

Fig. 193 - Matching by double 7/4, sliding 
alugse 

normalised with respect to Be - This is done by multiplying each 

value of [2p] bym ; the circle labelled Wy is thereby obtained 

(not a u-circle). The ends ef its [R] -oxis diameter are Cs » mS). 

As m"D traverses the circle Wp the input impedance 

m=o| = 1 (normalised with respect te Be ) atc, * from D, traces 

another circle ©,. (See (2) at the beginning of this section). 

This circle is given by (a ’ »). To convertthis impedance - 

variation so that it represents the termination of the portion BC 
(normalised with respect to B,) it is necessary to divide each 
impedance “,g by m, the locus of zg is thereby obtained, this 
circle W,.' being given by the points (—L. 1 

m2 3 2). 
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Hence as the line length dy is varied, with a constant term= 

ination [2x] the input impedance seen looking to the right at Cc traces 

the circle w,'. 

We now consider the conditions at the sending end. The imped- 
ame to the left of A is Ro, denoted by at (1, 0). (The primed letters 
are here used te dencte that the impedance is viewed from the right 
in Fig. 193(a), not from the left as for the unprimed letters), The 
impedance te the left ef B is given by Rg where 

Ry Rp re Gs)? ; i.@s Ry = Re, > and its normalised 

value is 45. ‘This gives the point Bt. The circle us Wy which 
™m 

cerresponds to the standing wave pattern on the line BC is then the 

circle (4 2 laf i. 1 . (“5 5 m ), and the distance (5 fran B to C (Fig. 193(a)) is 

given by the change in the ‘n'-~value of the n-ares from B4 to C! 

traversed in an anticlockwise direction, i.e, 

An, = 22 = n(B') = n(c'). 

{The condition for a cerrect match at C is that the impedances 

denoted by C and C' should be conjugate. C must therefore lie at 
the oppesite end fran C' of a vertical chord of the circle u= uy, 

Hence it is necessary that the circles u= u, andW =W,t intersect. 
fhe point Bt always lies inside the W,' -circle, since the ends of 

: : . L s : . L_, 
diameter of this circle are —~- =~ and BY is the peint [B] =~? 

2g ’ 2 2 
. 

S being greater than 1. Hence for intersection to occur it is 

necessary that the other end of this diameter, [R] =m, shevld lie 

outside the w‘-circle, Le, 

L 
me> 5 or §S<m. 

Hence matching is possible by this method provided the 
standing wave ratio introduced by the mismatch at the termination 

is not greater than mi 

The various impedance transformations which occur in this 
method of matching are illustrated by the heavy lines in Fig. 
193(b). Two solutions are possible, but only one is indicated. 
For simplicity the transformation due to the transformer AB is 

shown as a straight line from At to B', As described in (iii) above 
the impedance actually follows a u-circle (after first being normal- 

ised with respect to& }. The distance £, may be determined dir- 

ectly, as indicated, and the distance 43; can be similarly determined 

when the position of the load impedance is located on the circle 
ue U 

The problem of slug-matching is mere complicated if the slugs 
are not X in length, but the procedure is the same, The loci are 

still circles, but the mutual relations are more complex and are not 

considered further. 
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(viii) Wide-band stub support (metallic insulator) 

The arrangement is illustrated in Fig. 19i{a). Suppose 

the characteristic resistances of the lines FQ, QR are each Fo_ > 
nm 

where R, is the characteristic resistance of the min line and m>1l. 
The circle u = wu; (Pig. 194(b)} indicates the input admittance of the line 

QP terminated at P in R, for various lengths. If this line is My, 

in length, Q is the current antinede on this u-circle. If the 
frequency of operation increases so that the line is slightly more 
than 4/4, Q appears as shown, so that the admittance O¢ contains a 

small inductive susceptance, If. the input admittance j[B] of the 

stub a is of the right magnitude, the resultant admittance, 

OG + @Q' = 0Q' brings the admittance back on to the circle u= wu, 
and the input admittance of the line RQ at RB, terminated as it is at 
Q, is the same as that at P, namely G,, as shown by its normalised 

value a. 
a T 

Thus, provided the 
change ef frequency which 
introduces the indwtive 
susceptance in the input 
admittance at Q produces 
Gust the right capadctive Z 
susceptance in the input she LLL TL 
admittance of the stub QT, - 3 4 * 
a@ Wide-band mich is 
obtarned. @) 

If the character= 
istic resistance ef the 
stub is Ro , it may be 

Lad 

t 
sacwn that the condition 

for a correct match is 
gaven by ° 

a
v
 

t = 2m (m@~ 1). 

A particular case arises 

when t= m5 2. In 

(b) 
this case the same 
thickness of inner cable 
may be used for both the - eand Suppo 
stub and the thickened Fig, 19, - wide- stub rte 

line PR. 
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