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CHAFTER 4

TRAMSMISSION LINES

INTRODUCTION
ie Qircuits With Distributed Constants

The theory of circuits with "lumped constants®, based on
the laws of Kirchhoff, Ohm apd Faraday, is really the theory of
idealised circuits having no “size", i.e., in which all significant
dimensions are small compared with the appropriate wavelength.
Although the components in the material arrangements have size and
shape, with elecirical and msgnetic properties which involve the
space around them, simple circuit theory reduces these complex pro-
perties to those of ideal resistances, inductances and capacitances,
in circuits where there iz no time delay between the application of
an EMF at one point and the related woltage produced at another.
A simple example is the tendency, in circuit theory, to comsider
only the components, or lumped constants, and to ignore the connec-
tions which form, in low-frequency circuits, the greater portion of the
path~length of a complete network. The interactions betwsen the currents
in these commections, and the itime taken for a wave to trevel along them,
are of major importance at high fregusncies,

The theory of circuits baving "distributed constants®
mekes an attempt to widen the scope of the method of lumped constants,
with considerable success., However, particularly at very high
frequencies, there are many problems to which it fails to provide a
satisfactory answer, and it is often necessary to resort to the
fundamental physics of electromagnetism.

In this consideration of transmission lines, the transition
from the theory of lumped constents to that of distributed constants
will be preceded by a discussion of electromagnetic wave propagation
formulated meinly in terms of the current in, and potential differ—
énces between, the conductors which form the lines. The more funde-
mental considerations of the behaviour of the electric and magnetic
fields associated with such currents and voltages will be dealt with
in Chap. 5.

2, Trensmission Lines

In general terms, a Transmission Line is a device for guide-
ing the flow of electromagnetic energy from one place, where it is
available, to another, where it is to be utilised. The word Wave=-
guide has precisely the same significance, though it is usual to
restrict the application of this termtp systems embedying a single
tubular conductor {or dielectric rod, in some cases) and $o use the torm
Transmission Line for systems using two conductors (or more).

A uniform trensmission line is one in which the electrical
properties of the line (per unit length) do not wary throughout its
length; i.e. it usually has e constant cross-section. Non=uniform,
or tepered, trensmission lines are occasionally used, but their
properties are not covered by this chapter, which is concerned solely
with the bebaviour of the uniform transmission line with two
conductors. These conductors may be separate (perallel or twisted
pair) or coaxial {(concentric linels The separation between the
conductors must be small compared. with the wavelength. (see Seos, 7

and 46 and Chap. 5, Sec. 12)
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Chape 4, Sect, 2

Typicael transmisasion lines used in radar are shown in Pig.
106, The electrical properties cf the liues depend not only upon
the size, shape and disposition of the conductors, but also upon
the dielectric which maintains that disposition, and the extentto
which the arrangement is constant, or wvaries with movement or
change in atmospheric conditions. Where a uniform solid dielectric
is used, with thewires embedded, as shown in Pig, 106{(a), it is
possible to maintain reasonably constant electrical properties by
the exclusion of atmospheric wvariations and by the constant spacing
which can thus be maintained between the conductors, The disadvan-
tage of this type of cable is loss of energy in the imperfect di-
electric, The other extreme is the open-wire feeder construction
of Pig. 106(b). Here dielectric losses are low except at the
spacers, which are zpt to cause serious trouble if they get very wet.

TWIN SCREENING
CONDUCTORS BRAID

B . BALANCED PAIR EMBEDDED
[k )\\4-@‘, (@1 v solip DIELECTRIC

SOLID OUTER
DIELECTRIC COATING

¥
SPACERS

COAXIAL WITH SPACING WASHERS
(c) (NB There shotid be more than

3 washert per wavelength)

TWISTED DIELECTRIC THREAD

g b —— e ——
py —— < (d

COAXIAL WITH TWISTED DIELECTRIC SPACER

‘OUTER CONDUCTOR

12 LINE WITH MATCHED SPACERS

Fi_. 200 = Myoical transmission lines used in radar.

Their presence inevitably introduces non-uniformity, which makes the
behaviour of the line more difficult to predict and thus less easy
to control. This problem of suspension also applies to coaxial
cables with meinly air dielectric where the inner must be maintained
in a position fixed relative to the outer. Various arrangements
are illustrated in Figs. 106(c), (d), (e), showing how attempts are
mede to satisfy both requirements, uniformity and low losses,
Particular arrangements which avoid the use of dielectric supports
are described in Sec. 29. Losses due to induction and radiaticn,
which may meke open=-wire lines unuseable as transmission systems at
VHP, is dealt with in Sec. Lb.

Under certain circumstances, waveguides are to be preferxed
to twin=-conductor systems, as discussed in Chap, 5, Sec. 5.

Although the primsry function of a transmission line is to
transmit emergy, other applications arise, particularly with short
lengths of line; e.g., reactive circuit elements, rescnant circuits,
end impedamce-transforming devices. In these special applications,
as with all reactors, it is the atorage, rather than the *ransmission
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Chape ks, Sect.3

of energy, which is more important.

TEAVELLING WAVES ON UNIFORM LOSS-FREE TRANSMISSION LINES

3. Apglioat:ion of Circuit Laws to Transmission Lines

PFor simplicity it will be assumed that in the ideal trans-
mission lines about to be discussed there are no emergy losaes,
Such conditions approximate to those encountered in the practical
cables shown in Fig. 106, or in parallel lines in the form of broad
metal ribbons, pictured in Pig., 107. Since the distributions of
charge and electric and megnetic fields in the latter case are more
simply represented, the dlagrams which follow will apply to this
Lrrangement,

The evolution of a coaxial line from the ribbous is sugges-
ted in Fig. 108, the ribbons being bent to form the inner and outer
of a coaxial pair; the electric and magnetic fields associated with
the current in the conductors are then confined to the space between
them, as they would be, substantially, between the parellel plates
in the .original arrangement.

Fig. 107 ~ Parallel lines in Fig. 108 =~ Bending parallel plate
form of broad metal ribdons. lines to form coaxial pair.

It can be shown that electromagnetic waves may be propa-
gated without distortion along such a transmission line with a
velocity u where

: 3
us= 9 L, and Cy being the
VI8, 7 4
inductance and oapacitence per unit length of the line,

Moreover, at any portion of the.wave, a change in potential
difference between the conductors is always related to a change in
the wave current flowing inm PPN
the conductors by the re- SEITIIIIL,
lation i

, ELECTRIC
(a) h uu]i niix

v /— il i Fieco
——— L‘ __________
di C, CHARGE 8¢  ~ ___TT°7

DENSITY gp

A method of deriving

these fundamental results (b
is given below. A LINE
simpler approach is LENGTHZ

. o7
given in Sectiom 11, Fig. 109 - Instent ) o

distrivution on a section of the line
of fig. 107.
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Chepe b, Sect.3

¥ K
Derivation of Formulae

Suppose there is at any instant a charge distribution on
the line a8 illustrated in Pig, 109. This corresponds to the
potential differenmce between the conductors shown in Pig. 110 and
-enlarged in Fig. 111, sinceVoc Q. Considering the small section of
the line of width 6{ in Fig. 112(a), it is seen that there is a
resultant potential difference in the circuit equal to 5v (see Fig.
112(b)). Since there are no other sources of EMF present, this
must be due to the EMF induced by the changing current according to
Faraday's law,

* dv = 81 %_i. , where &L is the inductance of
the small circuit.

1 1 v
! | ?
! i
/ |
LINE
o LENGTH ¢ o ¢
Fig, 110 ~ Instantanecus Fig, 111 - Enlarged diagram
potentisl distribution coxres- showing poteniial distribution
ponding to £ig. 109. of seation &7.
If Ly is the imductance per unit length of the trans—
mission line,
dL = Ly84
80 that 51--1.! a;sz
*
i.e' g?v =-I¢!§-ﬁ-' 0GQ'..-..lo....'.!ch.’....(l)'

Lg&¢
There is thus b)

present at the sloping

portion of the 'pulse’ . i ?5"’

a2 current changing with (

time, so that the pulse |

cannot be stationary.

If5 i is the difference .,

in curreut between theé .

two ~nds of the section, " =5 f

v

(¢) EQUIVALENT CIRCUI

J-—-———-—Si

(see Fig. 112(c)), ! = Cy5¢

S

Fige 412 = Enlarged disgram of section
of line of length &{ , with ourrents and
voltages.

indicates a change with length { for t constant.
indicates & change with time t for ¢ constant,
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Chape s, Sect.3

81 = =2 (8¢
. ot (If the current incresses
the oharge left on the
=23 (CIS-[V) line degreases; hence
&t the =~ sign)
= =0y d
2 x5t
Heme ai = 4{ a—' I..."'.ll."UDODOIOOQQIIQIUQQ(z)‘
3 at

¥We shall now show that relations (1) amd (2) are consistent
with the pulse travelling without changing its shape, either to the
right or to the left, with welocity df{= u = _1 ,» and such

&« Ay
that dv f
c

Prom (1) we bave:;~ 3dv = -L,3i
E4 15

31 4l
= .L[[:—W -Et—]

: W%ﬁ

kY] 3¢ "at

Similarly,from (2) we bave:~ 3i _ c[[- a}v di:’
3¢ " at

e V.
=uly3d

Combining these results, we obtain;-

Y ;./%‘ andu= * 1 .

! 7 Ty

The relative dispositions of voltages, currents, electriec and
pagnetic fields and direction of -_propagation are illustrated in fig,
113, me potential d:.fierence ¥ is in, 0ppos1t10n to the electric
Xdiela b‘ while the current i is related to H by AmpSre's rule, =,

H and T form a.dﬁgnt-ﬂanded Set of orthogonal vestors; i.e,,

T H end W are always arranged at right angles to one
another so that a pesitive (clockwise) rotation through a right angle

about n will move E into the position of H o It follows that for
two waves travelling in the same direction -11:!1 E vectors alike, the

H wvectors must also be alike, whilst if the ¥ veotors are in opposition
80 are the " veotors, A reversal in one but not the other is possible
only for a wave travelling in the opposite direction, Of two pulses,
travelling in opposite directions along the same trensmission line,
either the electric or the magnetic fields must be in the same directionm,
but both cannot be.
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Chape 4, Sect.3,l

E
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H E
[T} by ©) ()

RELATIVE DIRECTIONS OF E.H.u.

vT —u Vi —
i i
@) )
D1 H OUT OF PAPER —_ —_
+ 4 b+ H shefehe H
++ + + le]eTe
11 HINTO PaPER E l+11i+ T=u Ej][T—-—-u
+ V¥V lelals
™ e
: .
@ '(h)
: )
++++ PR
++ PR
vl++:: u 'U‘T.... =~ U
++++ H . H
- [ S A

i [
) )
CORRESPONDENCE BETWEEN i . E. H.u
SHOWING VARIOUS POSSIBLE DISPOSITIONS

Fig. 113 ~ Spatial relations between v, i, E, H, and
u for a travelling wave.

4.  Interference

When two ‘pulses
travelling in gposite directe

ions on & line encounter e ttdlg s s
each sther, the resultant A ][HH !:I:H:HE‘—U
distiibution can be found by el: :+:+: :+ l: RHEN

adding the voltages and i i
currents of the component - - i
waves, It follows from H:]:::::: HE
ele |
+ + +

the previous paragraph that HHHEF
wherever such pulses meet i i

there will be & pertial i
cancellation of the magne- Ty

tic field and an enhance- U nnnn
ment of the electrie, or _ e

vice versa. This is
illustrated in Fig. 1li.
Although the resultant
wave-pattern is said to
be due to the Interference
between the two waves,
neither affects the others u___EJ
80 called interference is

merely a special case of

NOTE- A NEGATIVE CHARGE

Supetpossition (see Chap, DISTRIBUTION FMOVING N THE

!" S?c. ). Tois & EOUMALENT TO A CURRENT

implies that each wave FLOWING IN OPPOSITION TO u

mey be considered separste . )

from the other, and the Pige 114 - Interference hetween
resultant effect obtained two pulses of equal magnitude.

by direct addition of
currents, fields and volte
ages.
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Chap, &, Ssct5

5. Waves of Various Shapes

A travelling wave on a transmission line may be of any
shape, and, if the line is uniform and lossless, it will travel
along the line without change of shape, at a uniform velocity
independent of the shape of the wave., This follows from the results
of Sec. 3 which are independent of the shape of the charge distri-
bution (shown in Pig. 4) and hence the shape of the wave. Figs.
115, 116, and 117 show the line and time-distribution of wvoltage or
current for exponential, rectangular and sinusoidal waves. In each
case (a) shows the variation with time of the woltage vy (or current,
since the two are proportiona.l) at the generator or sending end,
whilst (b) shows the corresponding instantaneous distribution on the
line at the instant t = §9. A construction line shows how one
disgram mey be obtained from the other; {’1 is the distance travelled
in time (t2 = t3) by the wave emitted from the generator at any
instant t3, so that

71 = u(tp = t).

¥

Q)
VARIATION WITH

TIME AT THE
GENERATOR W, v,
° t
f

én=u(t-te)
&0t
& =uty-ty)=0

b

VARIATION WITH

DISTANCE ALONG
THE LINE AT {-t,

Fige 115 ~ Variation of line voltege or current
for an exponential wave,

Similar equations hold for the particular cases {1 ={, and{) ={,
corresponding to t, and ty respectively,

(a) Vs
VARIATION WITH
TIME AT THE
GENERATOR .
1 f '
[ }v, ‘(vz
—h m -t Fig. 116 = Variation of
° o 2 line voltage or current for
! ‘
, :\ | a rectangular wave.
1 ; |
v Vo & r | )
; ‘.
{ 1
S PR
Vi &
i VARIATION WITH
L DISTANCE ALONG
l ‘ # THE LINE AT
t=t
u
¢
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Chap 4, Sect, 5,6

If the line is an infinite one the impedance which it
presents to the generator (Input impedance, Chap. 3) is constant and
independent of the type of wave, If finite » but properly terminated,
the line appears to the generator to be an infinite line, and behaves
as suwech, If the line is improperly terminated, reflections ocour
from the end, and interferencez between the direct wave and reflected
ways causes a change in the input conditions. The nature and extent
of these changes will be considered in Secs 8 - 16.

(@ Vi
VARIATION WITH
TIME AT THE
GENERATOR

Pige 117 ~ Vardation
of line vcltage or

wlt) = U sin wt current for a simsoidal
é-o— ———————————— ; ;(tz) z\"}SSS!N(WIE—z—;\‘-e Wave,

b)
VARIATION WITH
DISTANCE ALONG
THE LINE AT t=t>

6.. Sinusoidal Waves

In the pa.rticula;- case of the sinusoidal wave of Fig, 117,
three conditions characteristic of travelling waves are particularly
noteworthy:=

(1) The amplitude of the voltage variations is the same for
all points of the line, and similarly for the current variations.

This is ebvious from preceding paragraphs.

(ii) The variation of phase with distance is given by the
relation:=-

¢ = j?fs - 2nd s for both voltage and current.
A
#.is the phase at the sending end.

This follows if we define the wavelength, A, as the lenw
gth of the line over which the phase variation at any instant is 27,
Since the phase at the generator varies uniformly with time, and the
- distance travelled is proportional to time, the phase varies uniformly
with the distance along the line.

(iii) The input impedance of the line to an applied sinusoidal
BMP is the characteristic impedance ﬁ .
Cy
We have shown that, for a wave travelling along a wniform losg=

free line, at any point the ratio of change in voltage to change in
current is constant and equal to / _&-L_ ¢ this implies that the voltage

and current are in phase, i.e, that ‘i:he impedance is a pure resistance
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Chape 4, Sect, 7

of value /Ly . This impedance is called the Characteristic (or
C

Surge) Impedance of the line, and is denoted by Ro. (The recipr=
ocal of Rgy Gg, is the characteristic admittance. The character-
istic impedance is purely resistive only for the case of a distor—
tionless line (see Sec. 19}, In the general case of a line which
is not loss~free the characteristic impedance and admitbtance are
complex, and are denoted by zo and yo respectively.)

7. Electromagnetic Waves on Transmission Lines

The typas of waves which have so far been considered do not
cover all the mdes in which electramagnetic energy may be propagated
along transmissiocn lines. Such modes may be grouped into two main
classes:~

Principal Modes,
Suwplementary Modes.

Principal Mcdes

These are the progressive waves ncormally used in transmission
lines, and those which have been described in Secs. 3 - 6 belong to
this category. The notable featurea of these waves, when the trans-
mission lines are perfectly conducting, are the following:-—

(i) They are propagated at the speed of electramegnetic
plane waves in an unbounded medium, This speed u
is given by:~

u = S s

JEp

where ¢ = 3 x 108 m, per second, and K and pm are resp~
ectively the dielectric constant and magnetic permea-
bility of the dielectric that fills +the space beiween
the conductors. It is independent of frequency.

{ii) They are transverse electromagnetic waves: that is, the
vibrations of E and H take place everywhere in planes
(the wave froauts) at right angles to the direction of
propegation (along the axes of the lines); also B and
H vibrate in phase,

(1i1) The electric field E and magnetic field H are everywhere
at right angles in the field pattern,

{(iv) The ratio of the field strengths £ and H is the same at
all points, Thus in the MES system of umits,

B 120 X /At E in volts per metre)
g ° /Y& obma gﬁ in ampéres per metre)

(v) At a cross-section where the potential difference between
the conductors is v a skin current i flows (at high
frequencies) in the surface of one conduwtor and an equal
and opposite current in the surface of the other, When
a gingle sinusoidal wave train passes any cross-secti
the potentiel v and the crrent i oscillate in phase and
their ratio v/i remains constant and the same at all
times for all cross=sections, This ratio which is
fixed by the geometry of the system and the dielectric
constant of thessparating medium 498 an important property
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Chaps 4, Sect 7,8

of the particular transmission line systems, It is

called the Characteristic Impedance of the system and

is usually denoted by the symbol zge

taus, 1f v and i are complex numbers repro senting the

voltuse and current at any section of the line, then
v = Zol'

Supplementary Modes

Other modes of propagation, each with its own field pattern,
can be propagated along & transmission line, in addition to the
usual principal mode. In these supplementary modes the <lectro—
magnetic field, as in wave guides, possesses either a component of
E (E-modes) or of H (H~modes) parallel to the direction of propaga=
tion. These modes, like the waves in waveguides, exhibit the
phenomenon of cut-off. For each there is a cut-off frequency which
is determined by the geometry of the transmission line system, 1In
normal pracitice the specing of the tmusmission lines is small in
comparison with the wavelength and She supplementary modes can
appear only as Evanescent disturbances, as described in Chep. 5,
Sec, 12.

At a gecmetrical discountinuity in the trensmission line
system such as a sharp bend or a shunting load, the eleotromagnetic
field assumes a complicasted form and in general possesses longitud-
ipal as-well as trensverss components. It cannot therefore be
represented by principel waves salone,  Thus, supplementary modes
also are excibed av the discomtinuity. In mractice &ll supplemen—
tary modes will be evanescent and at a sufficient distance from the
discontinuity Sheiv field supiitudes bscome negligible compared with
those of the principal waves.

Evenescent modss carry ne power along the transmission lines
and their £ and H fields are storage fields similer to those of a
condenser or an inductance. The storage field excited by a dis-
continuity does in fact contribute an effective shunting reactamce to
the transmission line at the discontinuity. A consequence of this
reactive behaviour of evanescent modes is that the effective value
of the impedance zy of a circult component, such as e resistor, when
added in shunt across the line mey be quite dlfferent fram lts
nominal value zy that wouid be anticipated from its electrical
behaviour at low frequencies.

The presence of evanescent modes begins to be importent at
wavelengths of 1} metres and is very important at wavelengths of 10
centimetres and lesa. At wavelengths greater than a few metres the
effect of the storage fields of the evanescent modes exclied at dis~
continuities may be neglected.

The usuwal theory of transmission lines is the theory of the
principal wave apd ignores the behaviour of supplementary mcdes.
From what has preceded it is spparent whky the stendard treatment is
adequate when the wavelength exceeds a few metrss but gives an
incompleve description of transmission line phenomena at ~avelengths
less than 1} mecres,

UNIFORM LOSS~-FRER LINES: REFLECTION AT THE TERMINATION, AND ITS EFFRECTS

8. . Reflecvion of & Rectangulsar Wave

We shall assume that the line has a characteristic impedance.
which is purely resistive and of value Rg, independent of frequency,
and that the electrommgnetic disturbances considered are propageted
without distortion along tne line with uvniform welocity u .
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Chap. k, Sect. 8

A DC generator whose output resistence is Ry, is connected
to a section of uniform line
of length{, terminated in Rp
which is not necessarily equal
to Rge The circult is shown S
in Fig. 118(a). Initially " o
the line is uncherged, and

the current everywhere is Ro R
zero, As the switch S is
closed, a wave begins to \{.j +
travel from the sending to o0
the receiving end of* the € ———=
line. Current flows in UNCHARGED LINE: S OPEN
bath condmtorss?s)illustr- s I
ated in Fig. 118(b) and gyttt + -
the line becomes progress=— (b) i
ively charged. Ro 1
v Rr
If the open=circuit Vo’
EMF of the generator is Vg T————
wltas, the wltage V,
which is impressed on the S CLOSED
line is Vo , and the Fig. 1I8 = Application of a rect-
T angular wave to a transmission line,

current I, which flows in
the travelling wave is
Vi = Yo |

Ro 2R,

[ The suffixes + and = refer to the waves travelliing away from

and towards the generator respectively. The suffixes r and s refer
to the receiving and sending end respectively.

When the wave front reaches the receiving end current begins
to flow through the load, and a potential difference is set up across
the loed resistance Rp. If Ry = Rg, the emergy of the wave is

completely absorbed in the termination, and the same conditions

obtain on the line as if it were part of an infinite line, The
energy absorbed by the load must be supplied by a load voltage Vy
éand current I{o satisfying the relation

and if %:':', which equals Ro, is not equal to Rp, such conditions cannot
be maintained without some energy from the direct wave being "rejected"
by the load. A wave is then reflected back towards the sending end
as if the termination behaved partly as an absorber of energy and
partly as a new generator., If Rp > Ro, the voltage developed across
the load is greater than V4, whilst if Ry < Re, the current through
the load is greater than I+, In both cases the resultant loed volt-
age and current must arrange themselves in the ratio

v
-ff-er.

It is convenient to represent the line as consisting of an
upper and & lower conductor having a sending end on the left and a
receiving end on the right, and to adopt the following sign conven=
tionss~-

(i) for a wave trawelling away from the sending end (direct wave)

voltage is meesured positively from the lower to the
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Chap. 4, Sect.8,9

upper conductor; conventional current is measured
positively to the right in the upper coanductor, and
to the left in the lower comductor.

ii) for a wave travelling towards the sending end (reflected
ng ng
wave)

voltage is measured as before, positively from the lower
to the upper conductor; conventional current is measur—
ed positively to the left in the upper and to the

right in the lower conductor.

9. Coefficieﬂt‘ of Reflection

Suppose a fractionp
of the sending wave of Sec.8

is reflected, so that the Ro

resultant %oad voltage is

V. + pV, (the charge density ( T _ Loap

of theP reflected wave being 20V e ?V‘e 2= IMPEDANCE

times that of the direct
wave)., Since the ratio of
voltage to current in any

wave transmitted by the line _ . .
is Ry, the magnitude of the Fige 119 - Equivalent circuit.

current in the reflected
wave is P _13._ = P Lo
Ro

Thus Vy = Vi ¢ PV... and Iy =1 = PLs the current of the
reflected wave being in opposition to that of the direct wave,

Hemoe ¥/ = Ve (I*E)

I L (1=-p)
i,e. Rp.= Ry (1
1-p
ioen P-’-‘ u'a
Rp+ Ry

is called tne Coefficient of Reflection. Its magnitude
varies between +1 (for Ry = @) and =1 (for Ry = 0); and it is zero
when Ry = Roe  (The case where p is complex is dealt with briefly
in Sec. 13).

It is sometimes convenient to use the equivelent circuit shown in
Pig. 119 for deriving the voltage armd current produced at the load by
& wave which travels to, and is partly reflected fram, the termination.
The equivalent generator voltage 2(w r 1is twice the instantaneous
value of the voltage of the direct wave measured at the receiving end.
This circuit is valid for any type of wave and is particularly useful
in transient problems where the nature of the direct wave is known,
gince it gives the load voltage and current directly without the
resultaut line voltage having to be determined first.
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(@
t'% 1+ E
LINE LENGTH
o [ R
|
(b) REFLECTED
1= %I I+ ;————-—!-Htl;-__lCURRENT STEP
° ¢ Pige 120 ~ Current and
(e) voltage distribution on
t3% 27 u-e)!-aggﬁ; the 1ine of fig. 118 at
STEADY STATE } various intervals after
° ¢ closwre of switch S
(@ (Deswn for B> By).
1'; V4 —-
° . ri
(e
=57 v 2R e |
© ¢
n
t>= 27
STEADY STATE (1=Q)V+= %r
¢
10 ed a o

The voltage and cwrent distribution on the line of Fig. 118
&t various intervals after the closure of the switch S are shown in
Pig. 120. The conditions at the input terminals are shown plotted
agrinat time in Figs, 121 and 122, It should be noted that since
the generator output impedance is Rq, the conditions at the load
after time T, and at the gemerator after time 2P are the seamwe as if
the line were a "short-circuit®, in series with Ry, If the generator
output impedance were other than Ro, fwrther diminishing reflections
would occur alternately at both ends and would persist until the
steady condition were reached corresponding, as before, to the
solution which would be obtained by simple direct=current.theory.

1. |CURRENT AT ssnomc] Is
$'END OF LINE’
V, 1+ l
w T | Gor-glg, @ ® (-9re= X0
(a) N o
o %% t CRERS '
Vg VOLTAGE AT SENDING ‘s
END OF LINE 4"__"——_'—"' /l+q)v+_VORr
VoR, (b) v+ ;=22
w 0+ OV+ = 3o TRe 73
) T 27 t e T 2T '
Pig. 121 ~ Conditions at imput Pig. 122 ~ Conditions at input

texwinals of line shown in fig. 118, terminals of line shown in
&ramn for B, > R, ( p is positive). figs 118, drom for R.< R,
(pis negative).
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For practical purposes, except in cases of severe mismatching,
the steady state is reached to a2 sufficient degree of approximation
after a few transits of the line,

1l. Dedwtion of Line Oharacteristics

The fundamental characteristic properties of a- uniform loss-
less transmission line have been deduced in Sec., 3., An alterhative
derivation, based on energy considerations, is given below, We
assume certain properties,already demonstrated, namely, that the line
is distortionless and has a characteristic impedance which is a pure
resistance; also that the wave of Pigs. 118 = 122 takes a finlte
time to travel along the line, so that the conditions at the sending
end remain constant from the closure of the switch until at least
t = 27, when the front of the reflected wave, if any, returns. Thus,
whether the line is short-circuited or open-circuited, or has any
other termination, cannot be known at the generator until t = 2T.

If the total line capacitance is C, and the total inductance
L, the following relationships obtain for = :xunerator of internal
resistance Rg.

At the end of time t = 27 the conditions are:-

Short-circuited line

Ig = 2I,, Vg = 0, 30 that there is no energy stored in the
slectric field, The energy stored in the magnetic field is

Z(21,9?
= ZLIE

Open~circuited line

Vg = &V , Ig = 0, so that there is no energy stored in the
magnetic field.t The energy stored in the electric field is

% ¢ (2v,)?

2
s 20V,
In both cases the energy supplied by the generator is V, I,. 2T.
Hewe 2V, L T.= 2LL2 = 2072

i.e. \) L T
T =T G
Therefore T2 = IC so that T =./I0 3

andRo=;;q/_g.
' 4+

If the length of the line is { metress=

?_ ® Ly is the inductance per unit length;

%s Cy is the capacitance per unit length.
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Then T = /IC =-\/1Lj ‘!Gﬁy
=€VL{E}‘ Y

Therefore the velowcity %:f propagation ia u = L
T

= 1

;L[C( )

12, Discharge of Open-circunited Line

In the arrangement shown in Fig, 123 a section of uniform
Joss~free ceble has been charged, sc

that there is a potential difference s
of Vo volts between the conductors, + + + + + + + + + + + 4 A
which are not connected at either t Vi

end. The switch S is closed at CHARACTERISTIC

% = O and the line begins to dis= VYO RESISTANCE = Ro Re¢
charge through the ioad resistance '
.  —_—————m—

( The drop of wvoltage
Vo = V1) at the end which is
suddently terminated in R may e 105 o Sischarge of cpen-
be regarded ss a rectangulsr circul ted 1ine.

voltage wave travelling away from

Ry ,as shown in Fig. 124 (zasr end (b).

When this wave reaches the open circuit after time T, the
entire line has been discharged to a new level V1. At this
instant total reflection occurs and a second voltage wave, also of
magnitude (Vo = Vi), begins to travel from the open circuit towards
By (Pig. 124(b) and (o). This wave will reach Ry in time T after
its inception, i.e. in time 2F from the closure of the switch.
Prior to this time the load Ry mwst remaln insensitive to any ref-
lection effects,

@) I (by
v
X\HAVE FRONT
Vo) A —= Vo
vy
R R —
-y o*Re |_~
Vo) DISTANCE DISTANCE
o] ¢ FROM 3 o] € FROM S

BEFORE REFLECTION OCCURS

v I
(©) f )
) Vo WAVE ERONT
Vi :tl.lr__[ RgRy \«-‘I
(Vg vi) DISTANCE - DISTANCE
o} ¢ FROM § o ¢ FROMS

AFTER REFLECTION OQOCCURS

Fig. 124 -~ Line distribution of voltage and
current befora and after reflection occurs.
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The voltage developed across the load is initially Vl; it
remains at this level for an interval 20, and then changes tG Vo,
We shall consider the relative magnitudes of Vg, Vi, V, etc., in
relation to Ry and Ry »

Initially, the line acts a generator of Ef* V, and output
resistance Rp; thus the voltage developed across the load is
given by:~-

v1 = Vo R ‘! .

By ¢+ Ry
A negative voltage wave of megnitude V,,_Ro travels along

Ro +* RI
the line towards the open circuit., This is reflected from the
open circuit, leaving the line voltage

VO - 2 vO RO = v (‘R’ -RC‘\
Ro + Ry ® Ry + Ry

= pV,.where p is the reflection
coefficient for the load Ry « The line current is then zero,
Imnediately after the first period 2T the conditions are the same
as at the closure of the switch, except that the line is charged to
a voltage PV, instead of Voo The whole process is repeated, with
Vo =_pVy, and after time 4T the line woltage is redwed everywhere
to 92 V, and a third voltage stepPZVl begins to appear across the
load.

(@ v
Vl
Fig. 125 - Voltage
v, A/ developed across lcad
Ry>Ry O vy
(2 POSITIVE) P e or t with (a) p positive
(b . (o) p nogative.
s <R Vi Y
ENEGATIVE)® v f | S t
) Ie

I= VO
RstR,

Figa 126 - Current 1

through load with (a Re>PRo —T‘T«—.I—P&I_—
p positive and (v) {2 POSITIVE) © oF e = t
p negative. I,

®

Ry<Rg
(% NEGATIVE) © 3 | =

The sequence is pictured in Figs. 125 and 126, 1In each
figure (a) refers to the case where Ry > R, and (b) refers to the
case where Ry < Roe The decay in the energy stored in the line
(Fig. 127) is quasi-exponential, similar to the decay of energy in a
discharging condebser, except that the process is stepped in the former
case and smooth in the latter. If =0 i,e, if R ! = Rp, ths
line is completely discharged after ZT secs,
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\/gxponsmw. CURVE
4 TOTAL AREA UNDER P - CURVE
~ — TV2

)

Fig., 127 - Power
dissipated in load.

VoRe

P, =
(RRs)

2T 4T 6T
P = POWER DISSIPATED IN LOAD

13. Reflection of Jine Waves

The instantanecous conditions of reflection at the receiving
end of the line are exactly the same for a sinusoidal as for a
constant voltage wave, but the pattern of the interference between
the direct and reflected waves is more camplicated because of the
sinusoida) variations. These two sine waves, travelling in opposite
directions, interact as illustrated in Pig, 128.

(The suffix + is used to indicate the direct, and =, the
reflected wave.) Thus v and i, the resultant voltage and current
at any paint on the line are given by;-

v o= VeV, i = i, -iL.
At the termination, (v.)p =p(v),
st (i), =p(i)y -

The phase of v, at a distance { fram the termination, is
advanced on that of (v,),. by 27¢ redians; whilst the phese of V.,
A

at the same point, is delayed on that of (v.}, by the same amount.

(It is commonly found thatthese statements are not readily
appreciated., What should be clear is that the wave which has
travelled farther must be more "stale", since it issued from the
generator earlier, The later it issues from the generator, the more
recent the phase.)

DISTRIBUTION AT DISTRIBUTION ONE QUARTER
SELECTED INSTANT CYCLE LATER '
INSTANTANEOUS INSTANTANEOUS
VOLTAGES VOLTAGES
L VI = om—mmemmr
V ——————— V_: —————
o~ - o~ . ~ o~
@ |7\ FAAY © Y Y
P A SRS
‘N i % LINE A R A AN LINE
ot—i—— LG LENGTH Ol — A AV L ENGTH
J 4 \ AV AR YA
/ (N A . \/ . \ \/
¥ PN NA
(s vy / v/
. o v o
V=4 +{v-) v=(vH+(v-)

VARV,

RESULTANT OF WAVES AT (a) RESULTANT OF WAVES AT (c)

Fig. 128 = Intexrferemce between direct amd reflected
simuscidal waves,.
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If the terminating impedance is not a pure resistance there
will be a phase difference between (v,}, and (v_).; indher words,
P will be camplex, 1In this cease

P = (‘V_)r and |Fl= (c-)z = 2:
(va)p (¢+)r Ve !

since the amplitudes of the direct and reflected waves are the same
at all other points as at the termination, the line being loss-free,

The phase difference between v, and v. will in any case vary
with { , the distance from the receiving end, and will increase by
27 as { increasea by A . 4s { is varied there will be found

2

points at A intervels at which ¥, and v_ are always anti-phase, and
2

others midway between them at which they are always in phase. The
former points are called voltage nodes, and the peak walue of the
voltage at these points hv* -% = ¥, (1~ ipr de

The iutemed:mte poim:s are called voltage antinodes and the
peak voltage there is ¥, + V. = v (1 + Ipl ).

It may be shown that voltege nodes are currgnt antinodes, ad
vice versa, At a current node, the peak value is i Q- Ip!
and at an antinode, 1, (1 + Ip! ).

The ratio IMeximum peak walus por either current or voltage
minimum peak value

is called the Standing Wave Ratio (SWR). For a loss-free line, the
SWR is given by:~-

N~ ~ A A
S= T +t% _o1elel =% ei,

v, =3 1 =10l 3

L .- P *--

This definition will be generalised later to include lossy
lines, where there is a SWR for each point of the line (Sec. 24).

At a voltage antinode,
T=% (Lelpl Janai=3 (1 =ip ).

At such & point the magnitude of the impedance is a maximum
given by:-

A

Z= ;‘"_ (l«tlf’l .
z Pl
+*

= ByS.
A

Hence s= 2.

R, o

Similarly it mey be shown that, at a voltage_node, the. magni-
tude of the impedance is a minimum % and that S = Bzo_

At all nodes and antinodes the impedance is purely resistive.
Tig. 128 shows how, in the region of interference, the three propert-
jes which were found to hold for travelling waves (Sec, 6), are
changed fundamentally to become:=

152



Chap 4, Sect. 13,14

(i) The amplitude of both voltage and current varies from
point to point on the line.

(ii) The variation of phase with distances is, in general,
much more complicated that for trevelling waves,

(iii) The input impedance of the line depends on both the line
length and the termination,

It is useful to comsider the particular cases of open~circuited
and short-circuited lines. It should be nected that the direct wave
may always be divided into two parts, cne given by (1 - p )v and the
other bypv,. The second part 1s identical with the reflected wave
except in direction of propagation, and the interaction between them
is the same as that which follows reflection at an open circuit,

Hence the composite wave may be split into a btravelling wave (1 =P)v,
and what is called a Standing Wave, of amplitude 2 1pI ¥, as will be
shown in subsequent sections, Energy is transmitted by the travell-
ing wave only, the standing wave storing, and not transmitting, energy.

When the amplitudes of reflected and direct waves are equal
(p= % 1) the standing wave produced is sometimes called a Complete
Standing Wave, In such a case the woltage and current falls %o
zero at the respective nodes, Otherwise the distribution may be
termsd a Partial Standing Wave,

U, Standing Waves on a Uniform Open-Circuited Loss~Free Line

The line distribution of the steady voltage and current at
successive intervals is shown in Fig, 129 for a uniform loas=-less
line teiminated in an open circuit, Direct and reflected waves
are shown, together with the resultant voltage and current distrib-
utions. It will be seen that at even multiples of M/4, (multiples
of A} from the termination, the amplitude of the current is zero

2

and that of the wltage is 2 Q,.. Similarly at odd multiples of A
4

from the termination, the yoliage is always zero and the maximum
value of the current is 2 %,. The voléagesat all points between
t#o oonsecutive woltage nodes are in phase, and are antiphase with
those of the adjoining half-wevelength sections. Atany point
the current and voltage are in quadrature.

The relatiom between voltage and current at any point on the
line may be determined from the vector diagrems of Pig., 130, The
phese of (v,.), is taken as the standard phase, and this lags the
pbase of v, a distance { from the open circuit, by a phase angle
£ radians where # = 27n{. Similarly, (v.)p leads v_ by the same

A

phase angle.
For 0 < { < A, the phase ofthe resultant current is shown
&
in the figure (b) to lead that of the woltage in quadrature, i.e.,

the short section behaves, in the steady state, like a pure capaci~
ance, Ce, (the equivalent capacitance).

Wwhere _1 - cot g.
sos = "X=h ?

Por A ¢ / < A, ¥ leads i in quadrature (c),so that the line
4 2
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Chap 4, Sect. Ll

*looks like" a pure inductance Lg WherewLe = X = = Rg cot §

=R°ta'n(¢—£2).

For largsr walues of{ the effective capacitance and induct-
ance repeat for every additicoal quarter-wavelength of the line,

The input reactance is giwven for all walues o d by the
equation X = ~ Ry cot ¢ .  Its variation with { is shown in Fig. 131.

(@t VL ACE w2 ES ON aw
QPN CIRCUITED UNE

t=0 £ - 2 PR
\‘\-;_—_"’/
1l s
4 ~N . Sl
=I Pz ™
t~2 - SE——— —
T N Lot
P NS
t=-7T <:\— > P

(p) GURRENT WAVES ON AN
© OPEN-CIRCUITED LINE

= DIRECT TRAVELLING WAVE
~=- REFLECTED TRAVELLING WAVE
~— RESULTANT STANDING WAVE

€ = DISTANCE FROM TERMINATION O

Fige 129 - Lins distribution
of voltage ard current at
suocessive intervals for uni-
form open~circuited loss-free
line (asteady state).

V+

e s
T
V._

(' CONDITONS AT DISTANCE ¢
TROM  TERMMNATION FOR o<€<-—

-7 s V4
1+ et B - (.24
¢ V‘EZ - v
|
‘ v ge
\c) FONDITIONS A7 DISTANCEf
fOM TCRMINATION FOR )\ < c<%

Pg. 130 - Vector dlagrams showing
relation between voltage and current
at various distances from the
termimation {open-circuited line).

Pig., 131 - Variation of imput
reactanse of open-circuited line
with line-length.
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15. Standing Waves on a Uniform Short-Circuited Loss-Free Line

The conditions maintained at a short circuit, viz: v, = 0,
= ~l1, are the same as those which arise on au open-cimuiged line
at a voltage node, i.e., at odd multiples” of A fromthe open circuit.
&

Since the standing wave distribution for the open~circuit case has
already been established, it is convenient to deduce that for the
short-circuit case by omitting from the Pormer diegrams the last A

&
section of the line,

~
Ll
Bl
/
/
'
!
|
t
\
4
\
\
\
\
i
/
7
’
‘
!
)
I
k +
s
+

)
R
1

SO m - Pl D
t= 7"sT Q\ > < - W v
= A %, e
8 -~
(@ VOLTAGE WAVES ON A I\Q/
SHORT — CIRCUITED  LINE T

(b) CONBITICNS AT DISTANCE €
FROM TERMINATION FOR O<?@<Z

e Rt g v
P — - Lge w@m
t=1 £ N A . /'\i\‘ # ge
=== e x
1+ e
t=1I o T () CONDITIONS AT DISTANCE £
2 R FROM TERMINATION FOR %<€<%
t= ¥ —F S
4 Se==2 S== Pig. 133 - Vector diagrems showing
relation between voltage and
e ocwrrent at various distances from
t=5 — o< the termination (short-circuited
== line,

b) CURRENT WAVES ON A
SHORT~CIRCUITED LINE

—— DIRECT TRAVELLING “WAVE X
--- REFLECTED TRAVELLING WAVE
——  RESULTANT STANDING WAVE
. ofr—— 2
Fig, 132 -~ Iine distribution of
|

voltage and cwrrent at
Figs 134 = Variation of input

successive intervels for unmiform
shart-circulted loss~free line

reactance of a short-circuited line
with line~length,

(steady state),
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The line distribution thus obtained is shown in Fig. 132,and
Fig. 133 gives the vector diagrams showing the relation between
voltage and current at the sending end of wvarious lebgths of line
in the steady state. Fig. 134 gives the variation of input reactance
with line length,

Analytically, it will be seen that the two sets of diagrams
for the open=circurt and short=ecircuit cases are mutually inter—
changeable by substituting voltage in one for current in the other,
and vice versa,

It follows that the input susceptance of a short=circuited
line of length { is B = =1 cot § , so that the input reactance is

Ro
X =Ry tan # , as shown in Flg. 134
16. Input Impedance of & Uniform Loss-Free Line for any Termination

For a line of leagth { and characteristic impedance Ro, ttrm-
imated in zp, it may be shown that ﬂioe input impedance is:-
2%
Zg = Ro , Zp + o ten 7 .
Ro + J 2, tan 2T
A

Ir Z. is a pure reactance, s0 is zg.
If zr = Ro, 23 = R, as has already been shown.

If zy is a pure resistance other than Ry, or is partly reactive,
then zg is in general neither a pure resistance nor a pure reactance.

If 2y is a pure resistance equal to Ry, the input impedance
is resistive at all multiples of A from the receiving end; the corres-
L

pondmg values of zg are Ry 8t multiples of A from the termination,
R 2

and i'?— at odd multiples of A. For all other lengths of line the
r % : .

magnitude of the in;pedance lies between these two limits, Ry and
R
ual+ 3

Ry *

On a loss~free line the input impedance is always resistive
at nodes and antinodes, and alternate values have a geometric mean Rge
Also, at intermediate 7‘/ 4 points the magnitude of the impedsnce is Kge

FUNDAMENTAL LINE CHARACTERISTICS

17. Distributed Elements for a

Loss~Free Line
We have shown in Secs, 6 e
3 to 6 that if a lipe is Leg L%

loss, it presents a resistive
impedence to a generatur

capable of transmitting an —
electromagnetic wave without s
M

connected to it. The veloc~ ~~ - —
2 Ly&¢ (Y4
ity of propegation is Nk T
us 1 and the value “*LJ
Ly Cy

of the characteristic resis- Fige 135 = Representation of uniforwm

tance is /;,_4' where Ly and lossless transmiszion line as an
D) : equivalent ladder of infini teaimal

filter secotions,.
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Cyp are the walues of the inductance and capacitance, per unit length,
respectively. These results, when compared with those of Chap. 3,
Sec. 10, suggest that a line may be represented by an equivalent
arrangement of low-pass filter sections in cascade, each section
being infinitesimally smell, This conception is illustrated in Fig.
135. Each section represents a length 8¢ of the line. TUsing the
results of Chapter 3, Section 10, we have:-

£ = 1 , and 2 = cos &8
¢ n&¢ /Ty Gy ,\/é‘f 2’

where sin 88 = £ ; 8p being the phase shift for
2 £
c

the section.
As 50 = o, fc -> 0, 8[3—-0, Sin%ﬁ s 0 and coséaﬁ_ - 1,
From these results the characteristic properties of trans~
mission lines may be obtained as follows,
Characteristic impedence

Z, = /%}e s & pure resistance, (Rg).

Attenuation

Since fy =+ co as & - 0, the cut=off frequency is irfinite
and there is no attenuation, but signals at all frequencies are trans=-
mitted equally well.

Phase distribution snd velocity

Assuming that the phase delay Of is due to a time delaydt,
we may determine %E eand af ; i.e., the variation of phase with
£ dat
distance along the line at any instant, and the wvelocity u with
which any point of the wave, at which the phase is comsvant, moves
along the line.

Prom the above relations, it follows that
gg E — one ,fITIE:; = -w/L;C) ; the negative sign indice
ates that there is a lag in phase ;}: the distance from the generator
is increased.
It may be shown that, in the limit, as 8¢ — 0,
%% = ~wy/IyCp ;

i.e,, at any instant the change of phase along a given length
of the line is constant and proportional to the length.

In particular, if the change in P is 27 radians the line
length over which this occurs is defined as A , the wavelength, and
is given by:~

A= 27 1

wVILy G £/I; Ty

L d
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u, the phass velocity is giver by:-
3¢
U= 2{ = - bﬁ -

w = 1 .
~o/TS Vi oy

It follows that A =4 ; i.e. A is the distamce travelled

H

by the wavefront in the time occupied by one cycle at the generator,

Propagation constant

Since there is no change in amplitude but a phase delay
Pig - a_@_ = 27 per unit length, the propegation conatant)*

3¢ ES
for a length { of the line mey be written
y=ip =ippl=y2nd .
A

juwd
If vy = v €J at the generator, the voltage at & point
distant 4 from the generator is given by:-

2nd - 27
v,s"" (wt -ﬂr)'

73758 =

1B, Distributed Elements for a Lossy Line

In general it is impossible to ignore the effect of resiat-
ance of the conductors and leakage through the dielectric, and these
modify the line charecteristics.

Pig. 136 shows the
modifications necesssary
to introduce these
quantities into the
infinitesimal section

of Fig- 135.

Apalysis of
such a section shows
that, on procg;ding to
the limit as - O,

; Pig. 136 - Representation of umiform
the charscteristic lossy transmission line as an squivalent

impedance gy, and the .
propagation é onstant 3} ladder of infinitesimal filter sections,
L]

for a line of length
are given by:-

Z, = /%f ; y =4 Ry e July)(Gy +JwCp) .

Ve may writeys= L, where 7{ is the propegation constant per unmit
length; whence we have that

7= V(Ry + Joly )6y + jwCp)
= ag+ Jfyp where ay is the loss

(in nepers) per unit length, and B/ the phase shift (in radians)
per unit length.
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Since oy is not in general constant, and B¢ is not pro=-
portional to frequency, amplitude and phade distortion occur; and
unless sinusoidal, the shape of a wave changes as it travels along
the line.

Since Oy is not zero, there is attenuation as well as phase
shift, energy being dissipated in the conductors (because of R { )
and in the dielectric (because of Gy ) as the wave progresses,

19. Characteristic Impedance

Zo = /‘Eg + Jwly
G{ +jwc€

In general, this is complex, 1In the particular case, where

Ly o BL , the line is distortionless and z, is a pure resistance
[» Gy '
olf magnitude /-11& ; but this is not a case commonly encountered in

c
radar., Since line losses are wasteful, every effort is made to
reduce them to & minimwm. In particular, matching devices become
inefficient unless constructed of lines with very low losses.

It may be shown thet for open-wire feeders in which conduct-
ors each of radius r are spaced with their centres a2 distance d
apart, the characteristic impedance is:~

Ro % 276.10&].0% .0'.0..!-'00.".0.'.0.0(1).

The corresponding formula for lowe=loss coaxial cebles is

r2
RO = 138 10810 '!._]: ‘00000-.0!0.!.-’..0.“.(2),

where rp is the internal radius of the outer, and ry the radius of
the inner conductor.

R{OHMS)
(@ | )
600 1 300
d
(@) Rp = 276 LOG,5 ¢
- 1
400 1 200 ®) Ro = 138 LOGo 7
200 1100
w g
o . . . . ) r (LOG SCALE)
t 2 5 o 100 by ":_2
1

Pig, 137 - Variation of R, with frequenqy for (a) open wire
lines, (3 > 1), (b)_coaxial cables,

These forumlae neglect losses, and the former is an approx-—
imation which assumea that @ 2> r, They are illustrated in Fig. 137.

. If in the open~wire feeder r is comparable with 4 the exact
formule R, = 120 cosh ~1(4/2r) must be used. This is illustrated in

Fig. 138.
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Rg (OHMS)
700

- "d
Ro= 120 COSH'S Onms
600
500 -
400
3004

200

100 A

d
51 (LOG SCALE)

Q T T T T Ty
2 3 4 5678910 20 30 40 5060708090100

Fig. 138 = Exact relation betyeen B, anl &/r for open-
wire lines formed of twin cylinders,

For conductors embedded in 2 non-magnetic material of di-
eleotric constant X, the formulae beccme:-

2
Roh. J;f_é 10810% l..co.ou--oooc-oo.-oolno.o.(h)

- m 1 2 98006080 ¢00350080 08000000000 2a
and Ry == T 0810 ™ «(20)

20. Propagation gons’sgnt
2’[=,\/(H1 + AijD(G‘! + JwC) = ap+ Jfy

In the particular case of the distortionless line, mentioned
in Sec. 19, oy =/R/Gy apd py =w+/IyCy, and these satisfy the
conditions for distortionless trensmission; visz: attenuation indep~
endent of frequency and phase shift proportional te frequency. This
ensures that for a wave of any shape ths sinumidal components of
various frequencies are all deleyed.in transit along the line by the
same delay time T = _ @ , since < £ (Compare Chap.3, Sec.15).

2ne

In the general case, for a wave travelling on an infinite or
properly terminated line, the current i at any point may be given in
terms of the current ig atthe sending end, by the equation:~

-( o j {
¢ (ay + 3pp)

.
a8

1 =1
A ‘w
Ifi,aiSEJ
A =oipd  J(wt - pp
thm,i-'—'ise IE( pi)o

The voltege is obtained from the relation
v = i.zo .
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The instantanecus wvalues of current and voltage may be
written |

i€ -t cos (Wt =pyl)
nd -
* ?s £ l cos (Wt - pﬂ +8),

where ¢; A X
Z, (the magnitude of the impedance) and ¢° is the
s

phase angle of the characteristic impedance,
The welocity of propagation is given by:-

ua W e 1
] '\/.I?-b?

. Por air-spaced conductors, the value of ¢ = 1 may be

taken as 3.108 metres per second. Since Gy o K, the v!elécity of
propegation u along transmission lines using & non-magnetic di-
electric of constent K is given by:-

8
u= 3.30
vE

The factor }—_- is called the velooity constant and is the ratio
u Xk
T, where U is the velocity in the feeder comcerned amd ¢ the welocity
if the dielectric were replaced by air (or, strietly, vacuum).

21, Vectorial Representation

Fig. 139 shows the difference between the transmission of
sinusoidal waves along lossy and loss-free lines, current vectors only
being drawn,

Por the loss=free line,?and—{ are in phase, and both trace
_out eircles. For the lossy line, there is in genersl a phase differ-
ence §  between ¥ and T and they trace out similar equiangular
spirsis.

The curves for the loss-free line should be compared with
the vectoral representation of the voltages and currents trapsmitted
by a low-pass filter (Fig. 76). They will be seen to be consistent
with the idea that the line is the limiting casze of an infinite
nunber of infinitesimal low~pass filter sections. With the trans-
ition from the polygon to the circle for all frequencies, there is
the elimination of the cut—off frequency and the distortion which it
introduces.
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(Q) AT TIME t=0 {b) AT TIME t SECS. AFTER
CONDITIONS SHOWN AT (Q)

(C)AY TIME t=0 ' (d) AT TIME tSECS AFTER
CONDITIONS SHOWN AT {c)

Fig, 139 - Variation of current (or voltage) vectors
with line length for locas—-free lins ~ (2) and (b) -
and lossy line = (c) and (d).

LINES WITH LOW LOSSES

22, Effects on Line Characteristics

It u;l_L_L » 1 apd %94' » 1 losses are very small and certain

close approxiﬁaation:&s can be made to the general formulae of Secs. 17
to 21.

The velocity of propagationu is approximately equal to

1- for all frequencies satisfying the above inequalities, the
§~/ L,’CI )
fractionsl error being approximately ( BlL. + &2. )2.
wL! («JC{

This approximation is Jjustified for all prectical purposes in
the trensmission lines used in radar., It reduces the characteristic
impedance zy to

f-g-f Elar'g'(g"’- - Bﬂ-)g

wc[ wh '}

and it is usually sufficiently accurate to neglect the reactive pore
tion and assume that:~

%o = /I7 , so that it is generally denoted by Ro.
G
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Similarly the loss constant O reduces to:-

% gR?@ + G(/% g
= % é%ﬁ«-G{Ro;.

The behaviour of Ry and Gy , and methods of minimising
them, are discussed in Sec. 42

-1
| = lsé t ccs(ut~/5{j>

e

!,

Pige 140 = Variation of
curent (cr voltage) with
distance slong the line at
sslected inastants.

23. PBffects of Slight Losses on Travelling Waves

Since distortion is uswelly negligible for the typesof line
used in radar, the attenuation introduced by low losses is the
principal effect to be considered,

The amplitude of a travelling wave decreases as the wave
progresses, as illustrated in Figs. 140 and 1:1(s). This is more
simply shown in Pig. 141(b), where the peak values at increasing
distances along a lossy line are compared with those for a loss=-{ree
line, n

v

5 —-
)
4 \
a i’ -
(@) / \\ . ~
4 AN ,
o > 4
N Ry \\_\___,’
~ rd
~_
A
v
-~ Al
-~ —
-
®) ~~
\\
~ ~—
~ -
—
—= LOSS FREE LINE = = = LOSSY LINE

Fige 141 ~ Decresse in amplitude of travelling
simsoidal wave due to losses,
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24, Bffects of Slizht Losses on Stending Waves

A simple picture of line conditions can be built up by the
method indicated im Pigs. 142 and 143. In these figures the atten~
uation is accentusted to glarify the effects. An open~circuit term=
ination has been chosen, These diagrams will serve also for the
shortecircuit termination with minor alterations (compare Sec. 15).
Other terminations may be considered in the sane mannzr, but as the
quantitative results are more complicated, these will be derived
apalytically where required.

PEAK MAGNITUDES OF DIRECT AND REFLECTED WAVES
(¢}

2
27
4

>

-4

-2n
I—

PHASE RELATIVE TO DIRECT WAVE AT TERMINATION
(b)

Tig. 142 - Effect of line losses on direct ard
reflected waves: opén-circuited termination,

Because of the reduction in amplitude of the reflected wave
compared with the direct wave as the point considered recedes from
the temination, the line gives less indication of a mismatch. For
very long lines, the amplitude of ths reflected wave 1s negligible
compared with that of the direct wave, and the line "looks like" an
infinite one, with input impedance Ry, and standing wave ratio
(SWR) wvnity. In general the SWR at the input is reduced with
increase in line length.

Analytically it is convenient to generalise the term
Reflection Coefficient to apply to all points on a line, and include
the effects of attenustion as well as reflection. If p is the
reflection coefficient at a distance { from the termination,
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A = AMPLITUDE OF DIRECT WAVE @
8 = AMPLITUDE OF REFLECTED WAVE

QPEN
CIRCUIT

f . T T T —r T T -
S\ 9A A 7A 3% SA A 3 A A
4 8 8 4 2

(@) MAXIMUM VALUES OF CURRENT AND VOLTAGE

Figs 143 - Effect of line

N losses on standing wave:
X 127 opem=circuited termination.
\
e — |3x
\.\‘ 2
\
\ T
RS
i
\ 1.1
~. n
B 1 =PHASE OF RESULTANT CURRENT 1 TR E
B V=PHASE OF RESULTANT VOLTAGE V"
sV
-y - T [e]
¢ A 3A .y A
4 2 4

(b) PHASE DISTRIBUTION OF CURRENT AND VOLTAGE

-apl =jppt Y
F - _Z: = (v.)rev. £ £ 4 =€-201[£ P ¢ 2.7[3{’1
(v,).€ ag ¢ 3ps ]

g L]

L 4

where p .. is the value of P at the receiving end. (See Sec. 13).
2ad
. |Pr|.

At this point the standing wave ratio is given by:=-

Hence Ipt= g-

A A
~20d
S = 2 T -1 4P = 146 ¢

A fa)
v, -9 1 -ipl

Prl
=2 ol
-t le ol
It follows that as ¥ =+ 0,5 —> 1,
Provided oy is small, it is usually sufficiently accurate

to take the SWR as equal to the ratio of voltages at an antinode and
a node in the neighbourhcod of the point considered.
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25. Buergy Losses

_ The energy dissipated in the conductor resistance or dieleciric
conductance is made manif'est in the line by the heat gencrated. This
may have subsidiary effects, such as mechanical distortion of the line,
and consequent interference with its electrical properties,

The power loss in a low-loss line of length { may be written:=

ad’ ~yapd .
20 log, € AR 10310/+ (=132 (1 -¢ "] .
P

This expression shows the extent to which losses are increased if
standing waves are present.

RESCONANT LINES

26. General Nature of Resonance in Lines

It follows from the results stated in Secs. 8 = 25 that as
the frequency of a signal applied to a short length of transmission
line is varied, the line exhibits the properties of series and
parallel resonance at specific frequencies, TFor a uniform loss~less
line with an open-circuited termination, the input impedance is
either a pure reactance or else is zero or infinite; the variation of
this reactance with frequency is illustrated in Fig. l44.  The har-
monic nature of the resonance characteristics is evident from the figure.

Xg
] ! | ~— OPEN - CIRCUITED LINE
] / / *—+ SHORT - CIRCUITED LINE
/ /
/ / /I Fige 14k - Variation
/ / / of reactance with
/ / / frequency in loss-
© f X; A7 FREQUENCY free line.
1 / 1 1 ,/ 1 1 . Vil
/ ! /
/ / / u
i / i fy= 2¢ WHERE
! H ! U = VELOCITY OF TRANSMISSION
! | 1] ¢ = LINE LENGTH
i ] i

1f ¢ is the length of the line, series or parallel resonance occurs,

alternately, at all frequencies which are multiples of U _, whereu
44

is the wvelocity of propagation.

. For lines with slight losses, the resonant properties are far
more pronounced for shorter lengths; as the line length increases,
the input impedance tends more and more to be independent of the line
length and to approech Re. This is indicated in Fig, 145. Here it
is the mmgnitude of the impedance which is plOtted, at a given
frequencys for different lengths of line.

A short-gcircuited line of length ¢ or an open~circuited
line of length 24 presents a high impedance to a generator of

frequency £ = -}:—e, and a reactive impedance to other Irequencies,

The impedance is reduced substantially for small deviations
of the freyuency from resonance. 3uch a line may be used as & parullel
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Chape 4, Sect. 26,27

Zg

OPEN ~ ClRGUITED LINE
— SHORT - CIRCUITED LINE

R o # * 3

Pig. 145.- Loasy line: variation of magnituds of
impedance with line lengtn.

resonant eircuit. Similarly, an open-circuited line of length { or
a short-circuited line of length 2 4 may be used as a series
resonant circuit for a generator of frequency %2.

For a generator of given frequency f, corresponding to a
wavelength A= % s the resonant lengths are given by the equation
{= n_’:;7_\ where m is an integer.

Non~resonant: lines may be used as reactances. The variation
of reactance w.th frequency for opeu-circuited and short-circuited
low-loss lines is illustrated in Fig. 146, In this diagrem it is
asgumed that losses per unit length are independent of I'requency.

It should be noted that midway between series anu parallel
resonant lengths the magnitude of the impedance is always Rge

27. Q - Factor of a Rescnant Length of Line.

It is known that for a series L - ¢ ~ R circuit near resonance
the magnitude of the impedance is given Dy Z = R sec ¢ where tan @ =
28,8 being equal to f-fo , where £ is the frequency and fp the

To
resonant frequency. (The error in tais approximstion is of the order

6%.) (see Zhap. 1, Sec. 19).

Xg

il it i —— OPEN- CIRCUITED LINE
i il il *— SHORT-CIRCUITED LINE
NOTE - /l | ,I ‘ I! l
THIS DIAGRAM NEGLECTS o t !
THE VARIATION OF I ! I
RESISTANCE WITH FREQUENCY [/ 3 /o /o .
; y .
° ’
sh A FREQUENCY
i/
i/
/

= . . ois .
+ L& - Lossy line: variation of input reactence
vith fre~uencyrs
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‘It may be shown that for an open-circuited low-loss transe
mission line, approximaiely =2 in length,

. ol(?\
z = (Rg—y—— T sec £ )
vinere tan @ = 27‘5
o’

It follows that an open-circulted trammission line of length
Ie behaves like a series tuned circult having a j-factor of magnitude
- LAY
EE: 7E 9

This reduces to =“P’TI-'-£- if dielectric losses are neglected,
corresponding to the Q-factor of a coll in lumped-circuit theory.

Similar results are obtainable for short-circuited lines, a
quarter-wave-length line corresponding to a parallel resonant circuit
w:Lth the same value for @ as for the series circuits. Longer lines,

°,2_ » etc., have the same Q-factor as the 7-:-*.— line, but not the same

dynamlc impedance, The longer the length of line (in quarter wave-
lengths) thﬁ more nezrly does the dynamic impedance approach Rge  For
example, a ZC short-circuited line has approximately twice the dynamic

A
impedance of a ..1.:2 open-circuited section of the same line.

In practice very large values of Q may be achieved, of the
order 10%,

20, Lecher Lines

Short lengths of line mey be used as tuned circuits, snd are of'ten
called Lecher Lines. These are usually short-circuited sections of tubular
line, the short-circuit termination prov:.dmg nechanical rigidity with
very low loss,

Pig. 147 shows an arrangement which is suitable for use in a
tunable oscillator circuit. The curvalure of the lines enables tuning
to be perfommed by & rotary motion, varying the effective length of the
lechers. For very high frequencies a self-acreening type of tuned
circuit is required, as unscreened lines become less efficient as the
frequency rises (see Sec. 46). This may take the form of a short
length of coaxial lime. An arrangement suitable for use in a valve
circuit is illustrated in Pig. 148, The line is tuned by moving the
plunger which may be fitted with a screw for accurate aajustment.
ment,
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Loe 47 ~ Lecher Lines

TO DC e use S0 1A bors
speLS L2t use in osciliators.

ROTATED

ANCOE € FOR TUNING
-
|N5ULATiNG
RODS
—
. . __ AN \
FiLe 1O -~ .djustable coaxial = -

%
Ty e : . . P -+ ~t ' 9
shcri—cireuwited line with vlunger | Ny
Sualige {_41.
L

T
29. Metallic Insulators

—

One of the chief difficulties encountered in the use of open=-
wire feeders is the maintenance of rigid spacing and positioning of
the conductors whilst avoiding high dielectric losses. One method,
applicable to a single-frequency transmission system, avoids dlelectric
losses altogether by the use of what can paradoxically be tsrmed .
"metallic insulators". The arrangement is illustrated in Fig. 149(a).
Such a short-circuited guarter-wave line presents a high impedance to the
fecder at the points of junction, and the effect of this on a low impedance
line is usually negligible. A frequency variation of + 7.5% is usually
vermissible before the line becomes sppreciasbly mis-matched.

T“he problem of supporting the system as a whole does nob arise
in self-scresning lines, such as coaxial systems, where the fields
are confined to the inside of the outer conductor and the outside may
be carthed at any point without disturbing the electrical properties
of the system. But the equivalent problem of supporting the inner
condicter may be solved in the same way, by the use of quarter-wave
gections of short-circuited line. Tae arrangement is shown in Fig.
b,

7&,, mli 1[ N i
L I
FELDERS [ E i! ” ! \ o TITIITIITTY
B P | , :)\: '
Q) L__; i (b (&) AN Y
A ‘{ J—§ ’
e y Y
SUPPORTS FOR OPEN SUPPORTING THE INNER
WIRE LINES OF A COAXIAL LINE
A
2 |
T yd & il e 4 ol ol 7 A . o j
(€)

BROAD BANDED STUB SUPPORT
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A modification to improve the bunu width of the insuletor is
shown in Pigz. 149{(c}. The thickenin_ o1 tne inner conjucior forus
in eifect two A transformers back to baclk, in paralicl with the A

4 &
insulator at the junction. The analysis .f tuls arrangement u.s
dealt with in Sec. 54 (viii).

30. QJuarter-fave Sleeve Rejector (Rotatinn Joint)

This is a method of using a A open-c.rcuited coaxial line to

Join electrically two otner sectiouns. Ideclly the iupedance present-
ed by the device is zero at the {requency of operation.

The arrancement is shown schematically in Fig, 1b.(u;. This
represents a A section inserted iln series with an open-wire leeder.
L
3ince the A line has zero input impedance it doecs not affect the 1'low

A

of energy along the transmission line.

If the figure is rotated about the lower conductor, the upper
condvctor enerates the ouver of a coaxial cable, and tne A line
: L
takes the form of a double circular plate of radius A wiin ine .ane
L
sroperties as in the valanced pair arrangement; tals store is shown
in cross-section ia Fip. 150(b).  ¥f now the protruding A "line"
Le
is folded back on one o1 the oubers the line presents the appsurence
of ¥ig, 15u(c). The separate portion AB then becomes redundant,
since the outer surface of the cable CB is able to fullil its fune=
tions; when it iz romoved, the circuit appears as in Piz. 2. (d).
Finally, the inner may be subjected to the -ame process as lne ouber,
tne compglete joinb buing deplcted in ¥ize 150(e). Such an arvanu=
-qent is suitable for a rotetin, couplin,, since there is no
mechanical contact to introduce frictional losses.

A A
// \’
///
/ )\
3 / 3
//
C 8 ic B I}
\C! B!
\
(©) N (b)
A\
N\,
\\
~ . {
<A

Fige 150 = Evolution
of M/l sleeve rejector
(as used in a rotating

A MNP
¢ NNGY | c 8 l B jointg).

©) d)
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31. Stub Reactances

Short (usually< A ) lengths of open~circuited or short-circuited
2

transmission line, used as reactences to modify the standing wave
distribution on a transmission gystem, are called Stubs. Open-circuited
stubs are frequently used with open-wire feeders where the conductors
are rigid metal tubes or bars, PFor less rigid structures and for co-
axial lines, short-circuited stubs are invariably used,

The variaetion of input reactance with stub length was given
in Pigs. 131 and 134. Since the stub is usually connected in parallel
with the transmission line it is more uswel to analyse stub problems
in terms of admittances.

The input admittance of a loss-less short-circuited stub of
length { is given by

y==jcot 2..’1{’ , (a short length is inductive),

The input ad:uttance of a loss~less open—-cricuited stub of
length { is givenby

y=J tan _2%.{ s (& short leugth is capacitive).
MaTCHDNG

32. Reasons for Matching

Theoretically it is possible to design & transmission system so
that the input and outpubt impedances of all its elements are resistive
and of the same value, and matching problems do not arise. However,
it is seldom practicable to do this, and more often than not energy is
transferred from a generator to an aerial system at several different
impedance levels and correspondingly different woltage levels, It
has been shown in Secal8 to 16 ithat if a length of transmission line
is not terminated in its charecteristic impedance standing waves occur
on the line, and the input characteristics vary with line length or,
alternatively, with frequency. . It is inedwisable to have a high
standing wave ratic ocn a long feeder system, simce a small change in
frequency might cause a large change in input impedance. For example,
if a line is 10" A long, & 2°5% variation in frequency would make this
1025 A or 9¢75A, and this could replace & voltage node at the sending
end Of the line by a wvoltage antinode; this would change the input
impedance from Ry to .R.n.. s or vice versa, which is a wariation in

Ry
impedance equal to the square of the SWR., A similar change of freg-
uedcy would have relatively little effect if the standing waves were
confined to a short matching section less than one wavelength long.

As pointed out in Sec. 25 losses are bound to be heavier if
standing waves are present on a feeder system, owing to the extra
losses from the oscillatory energy of the standing waves, In additionm,

losses usually temd to' increase with abnormally high voltages and
currents, and at antinodes it is possible for dielectric breakdown or

corona discharge to occur, with prohibitive loss of energy.

Standing waves on the main portion of & transmission system are
avoided by the- use of matching sections which fulfil the pwrpose
described in Chap. 3, Sec. 4 They are inserted between source and
load and ensure that the transmission’lines are terminated in their
characteristic impedances. Matching sections may also be used
betwsen two lengths of line which have different characteristic
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impedances, or to match a feeder system to a generator,

33. Half-Wave Transformer

This is’ the simplest metching section. It is equivalent to
a 1:1 transformer which does not change the input impedance, but
transfers the input termivnals to a more couveniemt position. - The
choice of length, a multiple of A , ensbles & line of any conwvenient
2

characteristic iuapedance to be used.
If a low-loss line is used, the formula of Sec. 16 can be
employed, viz:
2t
E_E -Zr+ JRo tan A
Ro Ro+ J z_ tan 2™
r A

since ¢ is a multiple of A, tan 21{ = O, so that zg = %5, irrespective
2 A

of the value of Rg.

This principle sry be employed to join two similar sections
of transmission line by a third section of different characteristic
ingessoce. It is the fundamental principle often employed in the
coustruction of plugs and sockets, These usually introduce sect-
ions of line of different characteristic impedance, and if their
combined length is made & multiple of A, standing waves on neigh-

2

bouring sections are avoided.

Typical joints are showa in Pig. 151.

METAL THICKENING TO

FORM JOINT
————— l ——
by~
e !—;l;—— _ e Ap—m ¥
::::‘-—1.—* == e
ottt |
—_— Ro =40 OHMS Ry = 80 OHMS

LY

+ | 1
1 T =17,

c=o 4et,~3

7//’//’\/////

pe—ty —» & .lz"'

DIELECTRIC SLEEVE TO SEAL Pige 152 ~ Typical matching
JOINT AND SUPPORT INNER problems use of quarter-wave
. transformer.
Fige 151 ~ Joints desighed om the
A/2 1:1 transformer principle.

34. Quarter-Wave Matching Sections

These sections of trensmidsion lipe, odd multiples of % in

length, are iwmpedance transformers. .The formula quoted in Sec. 33
may be written:;=-
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zg _ Zp oot Q%T!,, JRo

Ro Ry oot 284 j z
= r

Making the substitution { = -Lz—z-}-;*—l)-l\ » we have cot -2-7-15-[ = 0 and
2

R ;
Zg = -5—-9 « In the simples: case, where the terminating impedance is
r
resistive (R,_.), L __E?_g_ and is a pure resistance.

Ry

The quarter-wave section thus acts as an impedance trans-
former. Given itwc® lines of characteristic impedance Ry and Rz, a
A section designed to match the one to the other would need to have

IS
a characteristic impedance Rg =+/RiR2e

A typical cese arises in which a standerd cable is to be
matched to several similar cables which are in parallel at the
Jjunction. This is illustrated in Fig. 152. The four 80 ohm cables
present an impedance of 20 ohms; +to match this to the single cable
requires a A section of characteristic impedance.,/20.80 = 4O okms.

To preserve the initial spacing of the conductors the match=-
ing section either must be made of thicker material, or must use a
different dielectric with a larger constant, K.

It may be noted that the use of metallic insulators is the
limiting case of a A matching section where zg; = oo and z, = O,

N
Ro may have any value.

35. Double Quarter-fiave Line

The frequency sensitivity of a gnarter-wave matching section
makes it usable at one frequency only., By extending the principle
to the use of two quarter-wave transformers in cascade, with approp-
riate characteristic impedances, a broad=band match may be obtained,

The characteristic impedances to maich R] to Rp should be in
theorder

Ry, 1Rg» 2Ros B2 where:

& = HJ-RO 2= HRZ 2.
1Bo Ry Ro

This relation is more simply expressed in terms of the logarithms
of the ratios of consecutive impedarmces, These ratios for the
three junctions are:

1®o s 2o , and B2 and the logarithms are in the
Ry 1Ro Ro

ratio 1l:2:1.
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. ‘l
Ir Bo = B, then ,%, = a’k| una £, = u%k, .

Thus, if Ry and Rp are given, .2 may be determined and hence 3R,
and JRg.

To a first approximation this arrangement ensures that the
reactive term introdwed, by a change of fregquency, in the output
impedance of the first quarter-wave section, is cancelled by an egual
and opposite reactive term in the input impedance of the second
quartec-wave section,.

The output impedance of the first quarter-wave section can
be written:~-

zﬁf .
zy By o0 5. iR, , where cot 27?( is small = x, say.
R R 7
Yo 1o cob 2T .4 imy (cot 27 is zeco if 4 is exactly
~
A
%

We then have %1 _ jaRy +x®
By Ry +a By

%—"—-‘i’-? = (a- jx)(1+ajx) =as jx(a® - 1).
-ajx *

]

So that 2 ;?Rl a? g 1+ jx (a2 - l)g.

Similarly Z5, the input impedance of the second quarter-wave line can
be written

and
z2 - R2 cot s JZRO

ZRO oRg cot 27‘!4- jR

amd this reduwes to 2, = Ry a? E 1- jx (a2 - 1) 3

This satisfies the matching conditions described in Chap. 3,
Sec. h. An alternative treatment is given in Sec. 54{iv).

The principle of the double guarter-wave line may be extended
to any even number of quarter-wave sections, the characteristic imped=
ances being chosen so that the logarithmic ratios at successive junc—
tions form a "binominal coefficient® series, (e.g. 1, 2, 1; 1, L, 6,
4y 1; ete.) In general an odd number of sections is sensitive to
frequency chenges; an even number is not, When & large number of
sections is used the ‘change in impedance from one end to the other is
approxinsately exponential, and very broad band coverage is afforded.

36. Matching by Stubs

The principle of stub matching is to shunt a section of trans-
mission line by suitable reactances at warious points so that the
input impedance is'made equal to the required wlue. [Sez‘ies stubs
are not commonly used in transmission line systemsJ
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& Py Q P
o ° | . l
i
R — =|_ p—df
r= R, = 2] 3q
© o 5
Q2 P2 Qp P Q2

Tire 153 =~ Stub resctance in parallel with a matched line.

If a section of
correctly terminated line &
is shunted at some point
by a single reactence such
as would be presented by a
short length of open circuit-
ed line, both the input
resistance and the input are
changed. PFig. 153 illus=
trates this point. Since ve
are concerned with parallel
circuipls it is more convenient
to deal in admittances. The
section of properly terminated
lipe to the right of Pj P2 may
be replaced by Gp, its charact-
eristic admittence, and the
stublength by a susceptance Bj.
As By is varied, the input
conductance G end susceptance

B are subject to the type of Fige 154 =~ ical variation of B
variation indicated in Fig. and G with B|(see fig. 153).
154

There is usually a limited renge of walues over which G
varies. If it is required to match the line a% Q) Q2 to some
characteristic admittence Gz such that G > Gg> G ~, it is possible
to find at least one value of B}, (B,, say) fbr which G = Ggj
corresponding to this value of By there 1s an umwanted susceptance
Bge By shunting Q3 Q2 with an equal and opposite susceptance = Bg,
the input admittance is made equal to Gge The schematic appearance
of this arrangement is shown in Fig. 15;, end the corresponding

mechanical design in Fig. 156, This method ef matching is known as
double stub matching.

Pigs 155 =~ Double stub
T m?.tching: schematic
N s, diagrau,

Pige 156 - Arrangement of G2 P2
stubs providing the above
natching requirements.
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Because of the limited range of values for G it is not poss~
ible to obtain a correct match for all values of Gge There are -
various methods of
overcaming this diffic- s .
ulty. One is to use a oo —or-o——
third stub. If a -0 - P —
match is not possible @) 2 P2
for one setting of this
stub, the setting is
changed (usually. by
approxinately A) and it

&

Py Ry S|

it then possible to
effect & match using the
‘two other stubs as ®
previously described,

Another method is to

change the position of

the stubs relative to the .
two lines. This is Pigs 157 - Modification to double stub
indicated in Pig. 157. method to extend the matching range.
The portion PQ R S is

made unsymmetrical and

reversible so that if a :
match is not possible with the arrengement as shown in (a), it is
possible in the arrangement (b).

Rg «— — R?‘
P2 Q2 Rz $2

The single stub method of FPig. 158 is another way of obtain-
ing a match for any relation between source and load impedances.
The two variable distances are the stub length{ > and its distance(
from the termination T, Toe This arrangement is sometimes used wit?i
open wire feeders, but it is not readily adaptable to coaxial lines,
The disadvantage lies in the mechanical arrangements for the sliding
contact. The necessity for robustness mekes it difficult to design
a sliding contact which does not “interfere with the characteristic
impedance of the line due to the thickening of the inner conductor
caused by the sliding sleeve, as indicated in Fig. 159(a). This does
not matter at the short-circuited end of a stub since, on the side.
remote from the line, there are no restrictions on robustness, as
illustrated in (b). Further trouble arises through the necessity for
a slot along which the inner ¢onductor of the coaxial Stub can move.
This is discussed more fully in Sec. 39. Altermatively the same
effect as the sliding stub mey be created by inserting & line length-
ener between the stub and termination; but such an arrangement is not
commonly used beamse it is seldom mechanically convenient and is not
without its own sliding joint troubles.

Stub matohing is further considered in Sec. 54(v) and (vi).

P 4 _’ITJ
Rg +——n- P2 ——=Ry i
¥ 2 Pige 156 -~ Single
(s stub matching arrange~
3 ment.

=il

Fig. 159 - Sliding (‘ i ) | *EM
joints: mowvable . — :
coaxial stub and plunger. (o)) (b
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37. Slugs

Slug is the term used to describe a device which deliberstely
produces a local variation in the characteristic impedance of a trauns~
mission line. JIn practice, it may take the form of a thickening of
one of the conductors of a coaxial cable, or of both conductors of a
balanced pair, usually by a movable sleeve, The method is illus-
trated in Fig. 160. The
sleeves may be made either .
of conducting materisl or
of some dielectric material =
different from the main di= | {

o} i - [

electric. el 4l

I
but o nseizgia:;: ;.yt,‘s:?xlga r\.«ETAL OR DIELECTRIC WASHER OR SLEEVE
number of guarter-wave- 4 - :
lengths long. In this case © -&° 10 mwﬁi‘j‘l

toey aet aimilerly to the

qguarter-wave matching sec-

tions already described, Movement of the slug along the line
provides one degree of freedom for varying the input impedance. As
pointed out in Sec., 36, two degrees of freedom in the matching devise
are required, so thet a single slug is not by itself an adequate
metching device, Double slug matching is dealt with in Sec. 54L(vii).

38. Balance to Unbalance Transformer (Balun)

This térm is used to denote a device for matching an unbalanced
line to & balanced load or sourcs (see Chap. 3, See. 1), Fig. 161
shows an unbalanced line counected to a balamced load Bye It is
clear that if the lower conductor were to be earthed at all points, the
lower half of the load would be short-circuited. What is required
is a four terminel network, arranged as in Fig. 162, which enables
the lower conductor to be earthed but provides the lcad with a balanced

feed,
Y
SN S— N O S
o-——-'F-——---J
Fig. 161 - Matching unbalanced Pige 162 - Balancs to
line to balanced load, unbalance transformer.

One method uses & series Half-Wave Loop, shown im ®ig. 163.
The voltage and current at B are equal (meglecting losses) and anti-
phase to those at A, which is the condition required for feeding
the load in push=-pull.

The impedance presented to, the line a2t A Ej by the rest of the
circuit is By s between A and E3, in parallel with the input impedance
2

of the half-wave loop., This also is B/, since the loop, terminated
2
in By , acts as a 1:1 transformer, Hence the resultant impedance is
2
By and, to avoid reflection, this should be the characteristic imped=

ance of the main feeder. For single~fre¢quency systems the character—
istic impedance of the half-wave loop is immaterial, es shown in Sec,

33,
177



Gha.p.la., Sect-38

X
™~

T
i

Pig. 163 - Use of hall{-wave loog. Fige 164 - Matching coaxial
cable to screened paire

The arrangement of this loop method for coupling a coaxial
cable to a screened balanced pair is shown in Fig, 164.

The transformer mey be tuned to a reguired frequency by
fitting a variable extension to the loop, &s in 2 trombone., Such an
arrangement is sometimes called a "Trombone Matching Section®.

Another common method of satisfying the requirements is to
use a quarter—wave “can", "skirt" or “balun”, The schematic
arrangement for an open-wire circuit is shown in Pig. 165. The
lower conductor at (a} is earthed at the source, but cannot be at
earth potential at all points without short=circuiting the lower half
of the load., There is no reason, however, why there should not be
& section GC, of the lower conductor, which is at earth potential,
while standing waves are present on the remainder, BC, as shown at (B).

Standing wave currents
iz and i, are present on the

line as indicated.s C is a 4 i “———W—
voltage node of this standing G Ry=RE Re

wave system, which exists @ o < 2% L
between 3C and earth. There X o oM T

is a similar standing wave N
between the corresponding
portion of the upper conduct- A

-O——AMMW—
or and earth, and a current 4 4 4
it will flow in th b -
1 R the upper i ¢ & 4s th

conductor due to this stande- ot ~0
ing wave, and an equal and D<4 L4
opposite current i'lo- will fIow E

between E and D. =

MATCHING PROBLEM

Denoting the Fige 165 = Cwrrent in staniing wave
travelling wave curreunts by sections
il and i,, as indicated in
Fig. 165(b}, it follows
from elementary circuit theory that

i;=1, and i3 = 1.
The value of the current at & particular point is indicated

by the use of a prefix; e.g. the currents in the two bhalves of the
load are [i1’ !iz respectively whilst the value of 15 at B is dencted

by gplz.
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For equal currents in the two halves of the loed, i,e.
i = g

BiB must be equal to Ai'l‘

The coaxial arrangement -S|
may be considered as generated by —
rotating the diagram of Fig. 165 / n) 2

(b) about the upper conductor, to  ________ f \
give the arrangement shown in Fig. 2B < .m'—ir
166, Provided the mein outer . i3 \Bf #2
cable is a perfect screen, this o
ensures that there is a very
high impedance between the inner
conductor and earth, since there
is no coupling between the curr—
ents in the inner conductor, and ' .
outside the outer. The currents corresponding to il and ih. in Fig.
165(b) are therefore negligible,

-

Pige 106 - Matching cans

It follows that the result deduced above, namely

P ¢
B*3 At
reduces, in the cosxial line, to

BJ.3 = 0.

The stending wave between B and ¢ thus has a voltaege node at C and a
current node at B. Hence BC i3 an odd number of quarter-wave
lengths; usually this is made 7‘/#, the outer portion of the can
being earthed so that points C and D are at earth potential.

In the coaxial arrangement the currents ip and iz are separ-
ated, flowing in the inner and outer surfaces respectivefy of the
outer conductor BC; i, flows in the inner surface of the can DE.
The outer surface of the can and the remoinder of the cable CG may
be earthed everywhere,

In this type of balance-
to-unbalance transformer the
characteristic impedance of the ‘
line should be made equal to the =  —pP«v—---——- N
resistance of the load. ol y x

The use of a M/l can is
especially suited to feeding a
half-wave dipocle from & coaxial
line, as shown in Pig. 167(a}.
It is preferable to the half-
wave loop system, particularly
if the aerial is to be "spun®,
and mechanical symmetry is

(d MATCHING A COAXIAL
LINE TO A % DIPOLE.

desirable. An extension of —

the arrangement for joining a —» ==
screened balenced peir to a

coaxial cable is shown in Fig.

167(b). ©) rcme e

The chief disadvantage Fig. 167 ~ Matching a coaxial line
of both the transformer systems to (a) /2 dipole and (b)
screened pair.
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so far described is their sensitivity to frequency changes. A
change of frequency causes a mismatch and unbalance in both cases,
In the half-wave loop method the input impedance of the loop,
terminated in Ry is not By except at the frequency of operation

2 2

unless that is its characteristic impedance. In any case, the
antiphase relation no longer holds, and a phase mismatch is unavoid-
able; i.e., the currents in the twin conductors are not antiphase,
This changes the input impedance and destroys the correct termina~
tion of the coaxial line, In the can method, if the line BC of
Pig, 166 is not A, B is not a current node, so that 313 is not zero.
I
This makes 112 different from yi; and unbalances the load. Also,
the input impedance zgp is not infinite but is reactive and appears
in parallel with the lower half of the load resistance, resulting in
a mismatch.

It is possible to extend the second method to avoid appreci=-
able unbalance and phase varitions at the junction over a wide freg=
uency band,

Pig. 158 - Use of 7\/4 stub Mige 169 - Reactive currents
k3 - A
to remove unbalance in load. {ses figs 168).

A method which permits phase variations but provides a
reasonably balanced wide-band transformation is illustrated in Fig.
168. In parallel with the upper half of the load is placed a
reactance due to the stub length AF equal to that of DE, in parallel
with the lower half, so that the current balence is preserved.

This is illustrated in the vector diagram of Fig. 169, the currents
referring to those indicated in Pig., 168, The vector relationship
indicated implies that the line AF is the same length, and has the
same charaecteristic impedance as the original stub IE.

The actual arrangement is shown in Pig. 170 where a coaxial
line is matehed to a screened parallel pair. The two stubs AF and
BD have the same dimensions, the 1engthi\_9_ being the guarter wave-

length for the middle of the frequency band over which matching is
required. The distance AL must be negligible compared with? o,

The Pawsey stub, illustrated in Fig. 171, is based on the
same principle as this wide-band matching device, but dispeunses with
the screening can, The currents flow as indicated in the figure,
and correspord to those shown in Fig. 170. The place of the inner
surface of the can is taken by neighbouring earthed conductors,
carrying the standing wave currents il'_ and iz, and if these are
remote, the effective impedance will be high, so that the currents
i, il‘;, iz and ig are small. Tuese currents will not, however,
bé zero, 4nd some radiation is inevitable from the standing wgve
developed between the stub and the coaxial outer. In practice the
short-circuiting plate is adjusted until the best possible match is
cbtained.
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FRTRTENSIRRINUNRNENLEINIDEINS S

)
/L__E‘s_..u._._‘._.

44— f

T —1 ¥Fige 170 - Construction of
presazrarzasas O wide-band matching device.

- o3 24 F2y -—is F

]

TMge 171 - Pawsey
stub.

Although this method of introduciag an auxiliary stub
restores the load balance it increases the phase variation since
it doubles the susceptance in parallel with the load. This is
illustrated in Fig. 172, where X, is the input reactance of either
of the stubs, Each half of the load is in parallel with .jX1
equivalent to a total reactance in parallel with the load of

7\'0
2Xy = 2R4 tan 27T 7

when Rq is the characteristic impedance of either stub.

S R
Ro = Rg ~ —> 15 =Zn¢ 47 lﬁf | I’/"'I

Qe

Fige 172 = Equivalent circuit for wide-band
stub ma‘tche

The effect of this reactance at various frequencies is
shown ia Fig, 173 .for values Rg = 5041 and R4 = 100,

If the phase shift of the solid stub method is prohibitive
it may be reduced considerably by the use of a further device. This
puts in series with the coaxial line a compensating reactance Xp
which neutralizes near the mid-frequency the reactance, introduced by
the stubs in the previous circuit. X, takes the form of an open=
circuited stub AH arranged as in Figs. 174 and 175, It does not
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interfere with the mid-freguency current distribution of the solid
stub method, but changes the matching arrangements as shown in Fige
176. 1r R, is the characteristic impedance of the compensating
stub, the condition for optimum compensation is ROZ = 2R4 Rp.
Provided Rq » Ry, this circuit is an excellent transformer,

F 8«
+20 ] £4
o fo) H 47«
w -20 @__:;:IA
R 40 C o<l B
1< L%
D 4 E

Pige 174 ~ Use of auxiliaxy
open-circuited stub as series

Tige 173 = Variation of iupedance
and phase vwith frequency for

wide-baund stub matche.

compensating reactance.

The calculated impedance of z transformer where Ry = Ro = 500,
Rq =1000and Ry = 12.58,is shown in Fig. 177, where the capacitance

across A{ is neglected,

z, :z,g/‘.’-_.
Rp=Rg -
2

Pige 176 - squivalent
circuit for fige 175

#ig. 175 ~ Construction of
wide~bard matching device
using compensating open-

circuited satube.

This type of transformer is specially suited for a transfer
from a staionary to a rotating member. Since the coaxial line does

not make contact with any

part of the rest of the
system, it can be kept
stationary while the
whole transformer and
balanced two-wire line
rotates around it.

39. Standing Wave
Indication

If a feeder
system 1s not properly
terminated standing
waves will occur with
the disadvantage des-
cribed in Sec. 32. To
avold these it is
usually essential at UHF

Zp OR #p
80 Zp
40 70 l
20 = 60h N\ e
—— L4
o 03550 = T o o
® -20 z 40 -
-40 30 5
N 20
i
o ' ™ —>f
o fo 2]
2 2

Jlge 1Y7 = Variation of impedance

and phase with frsquency for wide-band
stub match with compensating open-
circuited stub.
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to use empirical means, since it is not ordinarily possible to
coordinate manufacture and design to a degree of accuracy suffic=
ient to ensure the required matcuing conditions.

Standing wave indicators, which show the variation of
field strength with line length, are readily usable with open-wire
lines. Coaxial lines introduce considerable difficulties, since it is
impossible to measure the field strength inside the cable without
meking a slot in the outer conductor for the insertion of a probe
(or loop). The actwl insertion of this probe apd its movement along
the slot change the line characteristics and increase the diff'iculty
of detecting true standing waves, i,e., those which do not depend
for their existence on the presence of the probe or the slot. The
same problem exists to a lesser degree in open-wire systems, but
usually the presence of a small lightly loaded pickup probe or loop
has little effect on the line characteristics. If miniature tech=-
nique could be sufficiently developed, some improvement might be
effected with coarial or screened lines, but the difficulty is that
the smaller the conductors become, the weaker must be the field
strength, otherwise there would be a breakdown of the dielectric; or
corona discharge. Since at freguencies of the order of 3000 Mc/s
and upwards amplification is not yet practicable, the low power
avalilable from small pick-ups is the limiting factor in standing wave
indication. It is therefore necessary at these frequencies to
exercise the greatest care in design to minimise the likelihood of
mismatching. The only empirical check practicable is usually an
overall one, in which stubs or transformers are adjusted to provide
maximum power delivered to the load, usually the aerial system.

The essential feature of a standing wave indicator is a
means of estimating field strengths In one of the most eleumentary
forms this is a simpie neon lamp, the brightness of which increases
with the intensity of the altermating electric field in which it is
placed. A more complicated indicator might consist of a pick~up probe or
loop coupled to a rescnant circuit across which is placed a resouance
indicator, such as a wvalve voltmeter. This is more accurate thar
the neon indicator, and, since it absorbs but little cnergy, can be
designed to have negligible effect on the line under test, The
indicator is moved along the line with a constant disposition relat-
ive to the conductors, and the meter or neon shows the increase or
decrease in intensity. Matching devices are then adjusted until the
standing wave ratio is & minimum,

If the meter is a syjuare-law device, as is of'‘ten the case, it
is the square of the standing wawve ratio, or as it is somebimes called,
the Power Standing Wave Ratio, which is obtained directly from maximum
and minimun readings.

40. Common T/R Circuits

Radar systems which use a common aerial for transmitting and
receiving require a special type of transmission system which ensures
that the signal energy takes the correct path on each occasion. Two
basic circuits, the series and parallel combinations, are depicted in
Fig. 178. 1In both arrangements it is desirable that, to avoid stand=
ing wavea, the characteristic impedances of the three cables at the
Junction should have the same walue, Rg.

In the parallel circuit, ideally:-

!
8

when transmitting, Zy = Rgs 2p = Rgy 2R =

n

when receiving, Zy = Rg» Zp = 0, zp R,
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In the series circult, ideally:-

when ftransmitting, Zy =R,y 2Zp =R, 2 =0;
when receiving, zy = R, Zp = o, ap = Rge
L l
+ ]
;> !A?
R~ --2zp 7 - zp
PARALLEL SERIES

i7e 178 = Alterpative arrangements for
cormon /R working.

In aadition, in the series case the spacing of the lines must
not be such as substantially to increase the path lengths of one
conductor compared with the other either when transmitting or when
receiving., / This amounts to the normal requirement that the spacing
of the condauctors must be small compared with the wavelength. _}a

These changes in impedance must be synchronised with the
firing of the transmitter, The change in zp mey be due merely to
the transmitter ceasing to operate, If the impedance which it pres-
ents at the junction changes from R, to either a sufficiently high
or a sufficiently low value vhen oscillations cease, one of the
requirements of the basic.circuits is thereby automaticelly satisfied.
The other requirement nec¢essitates special provision to change the
input impedance to the reveiver line,

(& A (b A "
e~ 7 am 2 i
o=
GAS
OISCHARGE
TUBE
o o

© e} e ¥
O

&)

Jige 179 =~ Basice switching cireuit and modifications.

O

4 basic circuit for providing this change is shown in Pig.

179, A A section of transmission line isterminated in a spark gap
1
or other discharge valve., The veoltage of the received pulse is quite
inadequate for igniting this walve, so that its impedance remains very
large during reception. VWhen the transmitter fires, the pulse
ignites the walve which then possesses a small impedance, which is main-
tained by the ionized gases without absorbing further appreciable
energy from the pulse. This small terminating impedance makes the
input impedance to the A line very large.
I

If an extra A line is added to the left of the section, as in

3
.Fig. 179(b), the input impedance chenges from an open circuit to a
short circuit as the transmitter fires, since the line then acts as

a A section, (1:1 transformer).
2 A

It is an sdvantage to add to the section an extra® line, short-
circuited at the termination, as shown in Fig. 179(c). This ensures
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that before the valve strikes it is positioned at a voltage antinode
and is thus more readily ignited by the transmitted pulse.

This arrangement is incorporated as a shunt element in the
parallel circuit shown in Fig.lBo(a) and in the series arrangement
of Fig. 180(b). Alternatively a similar arrangement may be used as

8 series element, as in Figs.180(c) and (d%. It is left to the reader
to verify that these arrangements satisfy the basic requirements for

Pig.178, described at the beginning of this section.

! I f
o—dA -0 z“ o
1 |m] o oam |
o x 0 o— 0
=l |
by A
(a) : (b) 2
\LA \lk Fige 180 -
4 K Incorporation of
N N switching valve in
camon T/R aircuits.
(c) (d) T
3 %
! A A
Ak ]
L IR, I A I
O—d- -0 © -0

It shquld be noted that the A or A sections fulfil their
b 2

functions in the steady states ohly. There is always a build-up
time required, during which the wavefront of the transmitter pulse
divides at the junction and part is carried to th® aerial, part to
the switching valve section in the receiver lead, and part is re~
flected because of the temporary mismatch. This transient period
will occupy a number qf cycles, but forms only a negligible fraction
of the pulse width, provided a sufficiently high frequency is employ-
ed,

It is common to use more than one valve or ocher switching
device, at different points on the receciver feeder, as it is more
reliable to use severel relatively simple switches rather than to
attempt to provide a sufficient degriee of reliability with a single
switch,

Where it is not possible to rely -upon the change in output
impedance of the transmitter to provide the necessary switching in
t»% branch of the circuit, an additional svitching circuit is neceas=-
ary. Alternative arrangements are shown in Fig. 181. In the para-
llel ocase (a) or (c), the input impedance zp changes from an open
circuit, its value when the transmitter is not pulsing and the valve
is open, to Ry when the transmitter fires and closes the valve. In
the series case (b) or (&) zp changes from a shert-circuit to R, as
the transmitter fires.

Neon valves and open or enclosed spark gaps may be used as
switching valves with open-wire lines. Open speark gaps may or may not
be "blown", and a "keep-alive® electrode, although sometimes desirable,
is not always necessary (See Chapter 6):
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T |
o~ C % J;ZA o] o— % “ 1o}
| ] B
o— —0 o » T -0
A 1
(@) l (b) \1
3 3
4 8
! I
D i A
(c) ‘T (d) f‘
N : \
o V2 T TR - || i
S B aom,
o— ——4— o o— ©

Jig. 181 - Altermative arrangements for
switching the transmitter branch of the
feeder system.

In the adaptation of this technique to coaxial lines or wave
guides a soft rhumbatron is commonly used as a switching device.
The valve may be inserted in series with the receiver lead, as shown
in Pig. 182(a); the equivalent circuit is shown at (b)., The inmput
impedence of this velve is normally resistive and of magnitude R,
the rhumbatron scting as a transformer which is adjusted by the
positioning of the current loops, When the transmitter fires, the
gases in the velve ionize and this condition corresponds to short-
circuiting the secondary circuit between A and B. The input imped-
ance becomes smell and almost purely reactive, It is this change in
input impedance that fulfils the function of the switching valve,

TO RECEIVER

A
lé Fig, 182 = Use of
soft rhunbatron as
]

switching wvalve,

Zy fe— 4A —
APPROX

TO JUNCTION

@) (b)  EQUIVALENT CIRCUIT

Pig. 183 = Simple but
inefficient system which

relies on change in trans-

X : Rr = Ry WHEN THE TRANSMITTER IS PULSING.
mitter impedance. Rr = gRy WHEN THE TRANSMITTER IS QUIESCENT

Ay ~—— — AR

A very simple buf inefficient common T/R system can operate
without any switching valves, relying entirely on the change in out-
put impedance of the transmitter and allowing considerable mismatch-
ing on reception. This may be illustrated with reference to Fig. 183,
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If pRp is the input resistance of the transuitter branch of
the feeder system at the junction when the transmitter is pulsing,
and QRT when 1t is quiescent, the followinz relations should be sate
isfidd,

(1) pRp =Ry + Rp, and R, » Rp; this cnsures that on trans-
mission, most of the energy goes to the aerial, and that
the systvem is then properly matched,

(ii) RR» ¢Bp; this ensures that on reception most of the

energy goes to the receiver, However, the previous
requirement, RA » s, implies that a2 mismatch on
receiving is inevitable,

The overall requirements are:=
Fo > Ry D Ry D Ro.

The corresponding relations for the parallel circui: of RFig.
178 are obtained by reversing the inequalities throughout; viz;

1=RT<RA«RR<<QRT‘

LIMITATIONS OF TRANS, ISSION LINES

41, Resisgtive and Dielectric Losses

It was stated in Sec., 18 that the propagation constant per
unit length of a transmission line may bewitten

z"e J(R! + 51.01:{)((}? + J'wCD

2+ IRy

where Qf is the loss in nepers per unit length. 1In See. 22 it was
Turther stated that whenwLy » 1 andwCy »> 1 it is wswlly

R Gy
sufficiently accurate to take the loss in nepers as

"
2

R
whereol, = Z—%— , and is the loss attributable to the finite conduct-
o
G
ivity of the conductors, andQg = L_EZEQ , representing the dielectric
loss factor.

42. Resistive Losses

For a parallel pair, of radius r cu. separation d, the value
of Ry may be written as

provided 4 > r,
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M being the permeability and ¢ the conductivity of the metal, and £
the frequency.

For a coaxial cable of inner radius ry and outer rp,
Ry = % (1 (K11 (K2 :
{ = f A f‘z"°’2' » where the suffixes 1
and 2 correspond to the innerand outer conductors respgctively.
Using the formula for R, given in Section 18, we may write:-
ok
P/ b/
+
_J/E é?i 1 @ 3’2‘3

;‘%—8 10810 (‘:2—1')

In the particular case where Ay = Mo, 0; =0,

logyg (22
“1)

Prom these results we may conclude that for both balanced-
pair and coaxial lines;-

(1) a,v/E,
T2
(i1) for a given Ry (i.e., a fixed ratio T or %),clc is reduc=

ed by increasing the size of the conductors.

(iii) o, is reduced by using metals with high conductivity and
low permeability.

FPurther results applicable to coaxial cables only are:-
r
(iv) There is an aptimum value of —2 which depends on the
conditions imposed on the variation of ry and ro.

Viz., For minimum resistive losses with a constant
value for ry, F2 should be 3+6.
r

For maximum dielectric strength, giving the least
chance of a breakdown, % should be 2-72,

(v) When the conductivities do not have to be equal, the
higher conductivity should be.given to the inner
conductor,

Results applicable to balanced-pair lines ounly ares=

(vi) Por minimm resistive losses with a constant value for
d, & should be approximately L.
r

For maximum dielectric strength the optimum ratio is
approximately 4 = Hela
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L3. Dielectric Losses

The power factor ® of a dielectric is equal to cos @ , whers
tan Z =wC¢ , Bince we ar. concerned with low losses only, we may

G
take ¢
Wwey M &
so that F§=. cotg':é%ﬁi.
Hence GJ -‘7=. wch.'

Substituting this in the expression forag given in Sec. 41,
we have

Q3 = wg, TRo = wF TyCy ,- since R & /.(I)_r;.

2 2
== INEE
» -—-—-211
= IfF , «Where u is the velocity of propagation
u

in the dielectric,

L4, Prequency Effects

* Since resistive losses are proportional to\/_f-, and dielectric
losses to £, it follows that the former predominate at low, and the
latter at high, frequencies, Cables are normally used below the
frequency at which dielectric and resistive losses are equal.

45, Coaxial Cables with Low Losses

Cables with the lowest attenuation are those with air as di-
electric. The central conductor should be rigidly supported on
insulating spacers of low-loss material (e.g., distrene) in order to
preserve the characteristic properties of the cable. Such a cable
is uwsually inflexible. Flexible cables require some dielectric
filling to support the inner comductor and to keep it central, and a
dielectric should be employed, if one exists, such thetd j is less
than d. at the operating frequency.

The radius ry, of the inner conductor should be chosen as
large as possible consistent with flexibility, and the outer should
be given a redius r2 = 3+6ry, (approximatelyj.

For a solid copper inner conductor a typical value of the
diameter is 0+056 inches, with 0-33 inches for the outer. With di-
electric constant 2.3, the characteristic impedance would be Rg =
‘75 ohms, To increase the effective radius of the inner while re-
taining flexibility, a strended inner is sometimes employed. This
procedure is successful at the lower frequencies, but at higher
frequencies stranding increases the loss in the inner, It is
important to protect the outer comductor, which is oftten braided for
flexibility, from corrosion, which increases the loss and causes the
cable to exhibit inconsistent electrical behaviowr. Protection is
afforded usually by an outer sheath of polyvinyl chloride or by a
coating of enamel. Where a breided outer conductor is used the
paths of the currents along the strands of the braid are oblique to
the axis, and are effectively lengthened so that the loss in the outer
is samewhat increased,
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L6. Other Losses in Open-wire Peeders

The effect of weather on open-wire lines mey be serious if
the line is several wavelengths long. Damp on insulutors and spacers
muy considerably alter line characteristics and cause standing waves
to develop. 1v is possible to minimise these effects by using
conductors stretched between {ixed end supports rather than support=-
ed at intervals along the line; and these supports should be of the
metal insulator type.

Losses occur at b
frequencies at which the *Q ()

spacing between the cond- = =
uctors is comparable with Q@ 2 '
the wavelength. It —;4'——

there are discontinuities ¢ ©

in the line (and at either g E—/\?,—
the beginaing or the end

some form of discontinuity

is inevitable) radiation

losses occur. But in any i1l-e w84 = Desulitant rields due o
case, the existence of » alternatiug currents whsn 4 is
comparatively large induc- comparable with A .

tion fields at points near

the line may cause consider-

able loss due to pickup in

neighbouring conductors. These conductors may dissipate the energy
in the form of heat or, which is usually even more undesirable,
radiate electroma netic energy waich would interfere with the direct--
ivity of the main aerial system,

The manner in which these fields occur is shown in Pig. 184.
The vector f}'_’ represents the time-~variable eleciric field a. Q due
to the current in a small element of the line at Py, and E3 that due
to the corresponding element at Ppo. These currents are in opposition,
so that, provided Q is equidistant from P; and Pp, the equal vectors
T and T2 will be antiphase and the resultant wector will be of
negligible megnitude,

This will be true for all positions of Q provided P and P
are separated by d K A, as for the case (b)., Where d is not small
compared with A, there will be positions of Q for which the differ—-
ence in &thleng_&hs P1 § and P2 Q causes an appreciable phase differ—
ence in Ej and Ep at Q as at (¢)« There is thus a resultant vector,
whose magnitude is not negligible, at points several wavelengths from
the conductors. This normelly represents the induction field, but
at discoutinuities in the conductors the seme applies to the radiatiop
field ; [for a consaderation of +thess difterent fields see
BR 229 Sec. X para. 7 or AP 1093 Chap. V1L’ para. 3i.]

In general, more energy is stored in the electric and magnetic
fields at regions further {rom the conductors and moie extraneous
radiation of energy occurs as the frequency is raised.’

A short length of tranamigsion line improperly terminated may
be used as an aerial because of this fact. Some microwave osgilla-
tors have open-circuited lines built into the wlve-circuits inside
the envelope and these fulfil the dual role of resonant circuits and
radiators, They way be inserted in waveguides without external
connections, enorgy being rediated direct from the standing wave
system on the open-cilrcuited line.
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CIRCLE DIAGRALED

47. Introduction

In Sec. 16 an analybical expresssion was given for the input
impedance of a wmiform lossless line of characteristic lunpedance Ry
terminated in any i.pedance zp. Practical problems re.uiring the use
of such relationships in successive applications give rise to
complicated arithmetical menipulations which meke the analytical
method of solubtion tedious and which mask the physical significance
of the processes employed. A geometrical method of tackling such
problems involving tne use of Circle Diagrams gives results which are
sufficiently accurate fo. most practical work, and are speedily
obtainable with a little practice and fa.miliarity with the method.
Also the pictorial representation involved in this method helps to
keep the physical principles in mind, since movement from one part of
a line to another is represented by a particular type of movement
from one part of the diagram to another. The subsequent sections
are devoted to a description of the Circle Diagram or Transmission
Line Calculator and the methods by which it may be used in the solu-
tion of transmission line (and waveguide) problems. By this means
same of the problems already dealt with qualitatively can be given
a quantitative interpretation.

We make no attempt to discuss the theory of circle diagrams
but merely show how they can be employed to solve transmission line
problems. Further, although two forms of circle diagrams are in
common use, the Cartesian and the Polar, we shall here limit our-
selves to a description of the former alone.

48. Normaliged Impedances and Admittances

The fundamental formula of Section 16,

Z. 4+ J tan @
=Rt o, (¢ =2M)
Ro+azrtan¢ ~

may bewitten in the foym:

Zr .
Eg__.a'5+a:an¢
RBo 14 52K tan g

RO

z z .
£ =3 == ti
If we now replace T and T, by and respectively, we have

@4- jtan o
D_ l+ - tan ¢
that the formula ti and depends only on _{ and not
g0 e form .connec ing A

on RO.

The ratiec E z is called & Normelised Impedance, and is

dimensionless.

Similarly, = %‘; is callled a Normalised Admittance;

(G‘o =1 )-
Ro

* In diagrams, italies are used to denote normelised impedances
and admittances,
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Clearly,

=

E"'" Y g ER

so that the recipr ca” relation between admittance and impedance
holds 2lso for their norr.:lised equivalences.

The use of normalised impedances and admittances makes it
possible to use the same system of co-ordinates for all circle dia-
grams applied to any uniform loss~less line., Also, the sane

normelised quantity [z] or may be taken to represent either an
impedance or an admiffance (normelised) since both are dimensionless.

If z =R ¥ JX,

then = +« J » Where and [ X| are the
[z] = [B] [x] (7]

normalised recsistance and reactance respectively, given by

@=R and = X,

B, R

Sinilarly, if y = G + JjB,

then' = + J , where = .g;g and:..g_._'.

49. ‘he Cartesian Circle Diagram

Pig. 185 is an exemple of a Cartesian Circle Diagram, It
comprises a Cartesian system of axes as a background which is indicated
seperately in Fig.l86(e). When working with circle diagrams, imped-
ances and admittances must first be reduced to their normalised forms

[a = Z/Ro' and = y-/G.o.
An impedance = + j is represented on the

diagram by the point P R E} whose co-ordinates are and

as shown.

The impedance @ can be regarded as being represented either
——-
by the point P or by the vector ®@. In the same way an admittance

= ‘ + ,j is represented by the vector @ or by the pcint
Q (Pig. 186(a)).

Superimposed on the Cartesian reference system is a family
of camplete circles, the u-circles, and another family of circuler
arcs, the n-arcs, that cut the u-circles at right angles, It is
not necessary to understand the theory and construction of the dia=-
gram in order to use it, but for interest some properties of the
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The circle u = O is therefore the same as the % J‘ (3 )
axis.
At the other extreme, when u = @, then, according to (2)
the radius of the circle is zero and its centre is the point (1,0).
The circle given by )
u= oo

is the point C in Fig. 186(b). Finite values of u give circles of
the type shawn,

In practice, the quantity u is associated with the loss in
amplitude on reflection at an impedance, or with the attenwmtion of
a travelling wave, and it is convenient to attach to each circle its
u=value in decibels instead of its immediate u-value in nepers. This
has been done in Fig. 185.

If @ is put equal to zero in equation (1) we find that the
circle cuts the @ -axis at distances a.nd from the origin

such that,

= coth 2u &+ cosech 2u
whence, @ = tanh u and = coth u
and @ = 1,
This is equivalent to the equation

Zg = Roz/zr' of section 34, where z; and z, are both
resistive,
h=arcs

These are arcs of circles whose equations are,

@ 2 + ([x] #+ cot 4 ™ n)2 = cosec® L n ecevsee(3)s

Their centres therefore lie on the &+ J[zla;is at the points,
' (0, = ot 4T M) cevesnearvasocaisnssccacensennel(l)

and their radii are: cosec 47n.

For each value Of n within the renge O to % we obtain an arc, but the
sequence of arcs repeats if n is increased beyond the value of R

An n-arc is shown in Fig. 186(c). According to equation (4)
end Pig, 186(c), since in the triangle ODC, OD = =~ cot 4T n and
DC = cosec 47Tn, the angle ODC = =4 kn and OC = 1,

Thus, all n-arcs start out from the unit point ¢ (1,0).

When n = O the centre of the arc lies at minus infinity on
the jlz]a:ds. The arc n = O is therefore the portion CO of the

real axis. As n is increased the centres D move up the % ,j
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circles are given in BorX - PR.X)
the following (starred) "
paragraph.

N

Gor R

Properties of the Circles
and. Arcs

u~circles are the
loci traced out by the (°>

point given by BoaX
‘ =E;|. + j tan 27tn
las j@ tan 2fn

F
vhere n = -f- and COTHZ U @4‘9
o
7 G R
(b)

o
] C
when is kept constant, R (4<c0)
but n is allowed to vary. °
: \ 3
If n is kept

constant and is allowed

to assume various purely b
resistive values, the locus BoeX
OR.

of is an n=arce

u~circles

Xl _\‘n\
It may be shown that o| 7-0 ] 4 Gl

=~
L
3
R

. . . PR \
the equation of a u-circle in =3 )

the @ » @ system of co~-
ordinates is
(@ —~ coth 2u)2 * 2. ’//(m%)

00SECHT 2U sevusereerss (1) X |- ©

-COT 4T \

5[ 4nn

The centre of this X
circle lies-on the
axis at the point X,

(‘Joth 2[1’ O) oooo-.otnn(z), P 44 = CONSTANT
and its radius is, z

a = cosech 2u . R, Re
% ) R

A u=circle is shown in Fig.

186(b). o

. . z!

By assigning to ua P4 '
sequence of values & family n+7)
of circles is obtained in
which one circle corresponds (d)
to one value of w.

Fige 186 = Properties of circle

When u = 0, equation (2} gives diagrame
the circle an infinite radius
and places its centre at plus

infinity along the @ -axis,
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axis and finally reach the origin when n = 1/8 . As n increases
further the centre D continues to move upwards and disappears to plus
infinity at n = 14,

The portion CG of the real axis is the arc n = 1/).,_. When n
increases in a series of equal increments a set of arcs is obtained
in the upper half of the diagram as shown.  Those in the lower half
are easily obtained by completing the semicircle of which each n-arc
in the upper balf is a portion, The completing arc, dotted in Wig,
186(c), is called the complementary arc. If the n-value of an upper
arc is n, then that of its complementary arc is (n + 1/4). Thus,
the n~values of the upper arcs range fromn = O o n = 1/4, and of the
lower arcs fromn = 1/4 ton = 3/2, The arc n = /2 is again the
line QO which is also the arc n = O,

If n exceeds the value of 1/2 and is for instance equal to

n = (%4- n') where h = 1, 2, 3, etc. then the arc n is the same as
the arc nt,

The distances from the origin @ and at which the
same semicircle (arcs n and n + 1/L) cuts the + j[X]|axis are obtained
by putting [R| = O in equation (3}.

Thus, @ = & cosec L7Tin - cot LMo =+ L = g0s LTn
sin 4Tn

That is,
= tan 2T n; = ~Cot 27NN eusaccsssncceass(5)
as shown in Fig. 81(c).
it foilows that,
= - Geeonsaseses ettt 60
1 (6)
If is & normalised reactance then is the corresponding

normalised susceptance and conversely.

50, Applicatiom of the Circle Diagram

Each u~-circle corresponds to a particular standing wave
distribution on the line. All points correspending to input imped~-
ances at varicus positions on the same standing wave system lie on
the same u-circle. The applicetion of circle disgrams to lossy
lines, in which the standing wave ratio varies from point to poiat,
is discussed in Sec. 53.

Each n-arc corresponds Lo the position of points relative to
the standing wave system in which they are located. The difference
between two wvalues of n corresponds to the distance along the line,
measured in wavelengihs; i.e,

=4

ny = =L

17P2 T _
An iaportant property of the diagram is illustrated iu Pig.

186(d). It shows a complete u-circle enclosing the unit point

¢(1, O) and two n-arcs, CP and CQ that intersect it at P and Q. The

n~value of each n—arc is marked on it near its end and each u=circle
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2lso is merked wita its u=value (Fig. 185). A4s an inspection of the
chart will reveal the values of n run from gero for the arc
CO o n = }/2 as CO is reached again from below, whereas the values
of u range from zero for the reactive axis of co-ordinates to infin-
ity at the limiting point G. In Fig. 186(d) the arcs CP and CQ bel=
ong to the same semicircle and are called complementary., It will be
round that if the n-value of any arc CP is n, then that of its
complementary arc CQ is (n + %).

Further, if OP represents the normalised impedance
z = [R] + §[X] (i.e. P i the point [R], [X] ) then 0Q represents
the normalised impedance (or normalised admittance) =1/[z] .
By this we mesn that if the length of OP is [2], the magnitude of

~ . . 1
[z], and the angle COP is o, then the length of 0Q is (27 =@

and the angle COQ is Q' = = . It must be stressed that for this
to be true CP and CQ must be complsmentary arcs,

Thus, if [z] = + j{X] is a normalised impedamce represent-

ed by OP, then the sssociated normalised admittance =[%=@ + j

is represented by 00. (Fig. 186(d)).

In particular, if the angle o is zero then P lies on the
real axis and OB repreaents a pure normalised resistance, S4Y.

The point Q will also fall on the real axis at the opposite end of
the diameter and will correspond to the conductance = lall’

such that = 1.

Similarly, when ol = 90° the arc CP meets the imsginary axis
- in the reactance point + jEﬂ. Then the arc 0Q meets this axia at

the corresponding susceptance point =j @ such thatlza] = =l.

51,  Numerical Examples

To find the Input Impedance z, given R, Zps { amd A .
The line is assumed to be loss-free, = Refer to Pig. 187(a).

Procedure
1. First normalise £,, the termminating impedance; thus
= frale X X
z, = = +j=k = + JE).
Ry Ro Ry
2. Plot the point = * :j on the cartesian diagram

(Point P, Fig. 187(a)).

3. Note the value of
(i) the n-arc n,,

(ii) the u~circle up. ,
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that pasa throush P (or
sstimate these values by
interpolation between

circles and arcs). Bg= Ny + %
* z =Rs+ ¢ X

he  Uvaluate YA amd b ¢ =it

2add it to n_ to obtain

r x?
[ Q
ng =n, + /7\ . - Us =ty

Since the line is loss-free, Xp- S

us = U.r. o R

5. Traverse in a clockwise ~Rr Rs

sense the u~circle u = w,

until it meets the n-~arc

n=ns=nr+‘!/;\, at the

point Q. At this point
the normalised impedance

ia

= + j.

The input impedance is, as
required

zg =R 4. jR°=

R, + JXg. »

Example 1

A loss~free trans-
mission line whose charact-
eristic impedance is 300 ohms
ard whose length is O*3A 1is
terminated by a load, Z, =

(660 + 3 300).

=1 od T

Pind the imput impedance.
The normalised load is (b
Z
=—§£ ={2+ j1). Fige 187 ~ Use of circle diagrans,
o

From Mg, 185 the u and n-
values of the impedance

poin’c: 2+ 1, are :-

ur = 3¢5 db; . = 0213 .

dvaluate
ug =u; n o= 00213 4 A
] 0.5150

The arc n = 0°513 is the same as the arc ng = 0-013.

The point of intersection of the circle u = W, = 3°5 db and the arc
h=n, = 0013 is

= (0°38 + j 0°07).
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The input impedsnce is therefore

z_ = 300 = (114 + § 21).

Example 2

The transmission line of example 1 is terminated by an admite=
tance yp = Gp ¢ J Bp = (001 + j 0-005).

Find the input admittance.

We treat admittances exactly as if they were impedances. We
therefore follow the procedure formulated above:-

The normalised admittance is,

e B e hane e <o T
o

Plot the point = (34 J 1*5) and note u, and n,. From
Pig. 185 we read,

w, =2-32db; m, = 0227,

Form mg = n. + ‘!/7\ = 0:227 4 003 = 0-527 .

We may therefore take ng to be 0-027.

The point o6f intersection of the arc ng = 0027 and the
circle wp = 2432 is,

= 0028 & j Oel7.
The imput admittance is,

¥s =Ge =@= Q28+ 0 ;00 017

= 0-0009 + j 000057

Exagple §

Find the normalised admittance that corresponds to the imped-
ame[_i_;l of example 1.

Accerding to Sec. 50, and Fig. 186(d) the admittance of the

impedance E} which lies at the interasection of the circle u and arc
n (vector OF Fig. 186(d)) is represented by thé point of imtersection
of the circle u and the complementary arc (m +.1).

From example 1,

[ = 3¢5 db; n, = 0213,

rl = 2+ J1;

Censequently, for @'-_.

[

u=up=35dy; n=(n,+%) = 0463,
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From Pig. 185
= (0')-{- - j 0'2)'

(By calculation: = _1._= 1 — = 2~ l=0-l+-j0'2)
2+ 31 5

Example 4

The transmission line of example 1'is terminated by an
inductive reactance X, = 150 ohms. Find zg when{ = G*3A,

We have;~

=.J.{.1.'=2{.£_=0.5. =O+j.0-5.

w, = 0; R, = 0074

For [5]; u =uw.=0; ny=n_« Yo =0074 03 =037

From the chart = = jl. Henmce zg is a capacitive
reactance of 300 ohms.

E le

Find the standing wave ratio S on the transmission line of
example 1.

A
According to Sec. 13, S = %l: = |2l

The point @ = 2+ jl lies on the u-circle w, = 35 db
and arc n, = 0213,

The impedance 3z, becomes purely resistive at the points
and where this circle cuts the resistive axia,

From Fig.185, this occurs at

= 2:062; = X = o0-382.
2462

Whence S = 2:62.
A
The distance {’1 of , which is that of the nearest voltage
antinode from is given by:

An = 0025 =~ 0:213 = 0:037 =4

1/7\ *

Whence {; = 0-037A,

L]

Similarly the distance of the nearest voltage node is at

{5 = (05 = 0:213) A = 02287 .
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52, Use of Circle Diagram .o Deteraine the iagnitude of the Load
Iupedance from 2 Knowledge of .ne Standing Wave Pattern

A knowledge of the standing wave pattern enables us to deter—
mine 5 and A, and shows the distances of the wvoltage nodes and anti~-
nodes from the termination. At voltage antinodes and nodes the
line impedance becgmes purely resistive and attains its maximum and
minimun valuss Z and Z.

Further (see Sec. 13)

o) R

s= 2. = 2 , so that
R z

/\V_ 2

Z z = RS,

We may write

S=

1
~] °
Since S determines and » the representative u-circle is

determined uniquely by the standing wave ratio, (S, 0) and (~:5L » O)
being the ends of its resistive-axis diameter.

As the distance { from the load is increased the representative point
Q of the impedance (Fig. 187(a)) traverses its u-circle.

A displacement of 7\/ 2 along the line from any position takes
Q exactly once round the u-circle so that it returns to the original

impedance . Thus the magpitude of the normalised impedance
oscillates between the extremes of and as @ continues to
traverse the circumference.

Whea S, A and /l (the distance of the first voltage antinode
from the termination) are known from the standing wave pattern then
the procedure of example 5, Sec. 51, may be reversed to give z,.

Thus we plot = S on the real axis (are n = 1/4} as shown
in Pig. 187(b).

As we xhove away from the generator towamds the load the moving
point Q traverses the u-~circle in a counber-clockwise sense.

If, therefore, Q starts at 3, the position of woltage antinode,
it reaches the point P corresponding to z, where the u—circle through
S cuts the arc n = ny = (0425 = ’81/7\), since z, lies at a distance {31
from the voltage antinode on the side away from the generator. The
normalised line impedances at all other positions in this ganding
wave pattern are represented by poiunts on the u-circle through S.

Example
Suppose S = 5 and Zl = 0*1A, Find zp.

Then u = 1.8. The intersection of the circle u = 1+8 with
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the arc n = 0¢25 = 0«1 = 0+15 is the point Ea = 055 + § 1-23,

53. Application of Circle Diagrams to Lines wita Low Losses

When the line loss cannot be negleccted then it is not only
necessary to evaluate n,=n,+ !/7\ but also to determine the wulue

of ug which is no longer equal to w,.; that is, the representative
point dees not remain on the same u=circle for different lengths of
the line, If the movement on the line is away from the”load
towards the generator then uy, increases with 4 and @ moves on the
diagram in a spiral towards the’ limiting point C (1,0). Whend
becores large then the input impedance z_, is always represented by
& point very near C. This is equivalen% to saying that the normal-
iged input impedance of a long attenwsting transmission line is

.=. 1; ige.’ zs&;Roo

The conversion of u to ug is made as follows. It is supposed
that the signal logs in decibels in a standard length of the line
(say 100 feetg is known., Suppose that the transmission line shown
in Fig. 187(a)produces an attenuation in a travelling wave of ay
decibels per unit length and therefore a = a.ll’ decibels for length[ .
To find the normalised imput impeda.nce when @ is known
proceed as follows;-

Locate as before on the diagram and note u,. and n, .
(w. in decibels).

Evaluste ug = (u,+ a) and n_ = (nr + 10/7\).

Move clockwise around the u, circle up to the arc ng., Move
inwards along the ng arc to its point of intersection with the circle

?'o
This determines the representative point of

Exaple

A resistance of 200 ohms terminates a 50 £t l=ngth of Uni-
radio 1 cable (Rg = 72 oms; ay = 3-5 db, per 100 feet at 200 Mc/s.
and K &= 2¢25). PFind the input impedance at a frequency of 200 Mo/ s.

- - L4 -29—: * -
a a/ 35;100 175 db

The wavelength in air is 1% metres and in the cable is

- 1 - o ! —'._ hd .
2 ﬂ = 1 metre Whence /A = 1525
= & = 2' ;8 + .00

Prom Fig. 185
W, = 3°3; np= 025
U, = 3¢3 + 1075 = 5¢05 db; ng = np + 15225 = 15° 5

The arc n = ng is equivalent to the arc n = 0
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From Fig. 183

5 72 = (374 + Je0)e

bh. Application of Circle Diagrams to Matching Devices constructed
from Sections of Uniform Loss~free Transmission Line

0.53 4+ 3.0 .

i

Hence z

(i) ZImportant Property of Circle Diagrams

Refer to Pig. 188} let ('Tfrepresent the impedance s and
ﬁ the corresponding input impedance at the point P distance fr fram
R. If varies in such a manner that the point R traces out a

R

circle, then it can be shown p
mathematically or by plotting }:— Z.
a series of points that the —_
point P also traces a circle,
(or, in some cases, a straight
line). @)

Zs

I -

The method of plotting
the point P corresponding to a

particular position of R ias X
indicated in the figure. In \ R~
the particular case when the AT \wp(tocus oF R)
circle=locus ef R degenerates
into & straight line (circle ~2Zr X \
of infinite radius) the locus /
of P is still in general, a o [ 00)/ L R
circle. ) &) ;
\‘ ZS \/\ /,

The property is of \\ /'I\ 4 — CIRCLE
importance in the demon- Y THROUCH R
stration of some matching — >
problems using circle diagrama.

It is used in the cases given (tocus aF P)
belew, of Double Stub Matching )
and ‘Matching by Slugs.

Mathematically, the Jige 108 - Important property oif
relation circle diagramSe

ls+ tan 2 nd
zg| . by 7\[ s Where { is constant,
2%

+jtﬁn A

is of the form

= o+ |;;! , Where, in general, d ,

S
3 ]
7 +& El are complex as well asaynd.

This may be written in the form
@= a'+ _B¢ , and is equivalent to the following

@*Z' steps;-
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(1} & translation,

(2) an inversion,

(3) = magnification and 2 rotation, and
(4) & fucther translation.

None of thesc steps distorts the circular shape of the locus of @.

/ Step (2) may transform a circle into a straight line - i,e., &
circle of infinite radius - or vice versa,

(ii) A/2 Transfermer

The action of this, the simplestof line transformers, is
demonstrated by the movement of the point P (Pig. 186(d)) once
completely roand the appropriate uscircle.

(1ii) /4 Transformer

In this case the point P, corresponding to (Fig. 186(a))

traverses the appropriate u-circle from the n-arc to the (n + 3)~arc,

i.e. to the point Q.

(iv) Double M), Transformers

Consider first the
behaviour of a single% trens-
former when a small increase
in frequency causes the line to
become rather more than

A in length. This is illust~
4

trated in Fig. 189(a), for the
case in which input and output
impedances are required to be
resistive, If the terminating
impedance is Ry, (assume R,> Ry),
normeliged impedance is given

bygl = EE , where S is the stand-

ing waveoratie, and is represent~
edzby Re The input impﬁdance

fg_ when normslised is ‘% and

is represented by P(S, 0)
provided the length of the trens-
former isexactly A . If this

is imcreased a reactive term is
introduced, illustrated by the
peint P', Although the resia-
tive component of the input
impedance is still approximately
cerrect a considerable phase
error may be introduced for a
small change in wavelength.

Fig. 189(b) shows a
double A transformer used
L

X

Rif C Q2 . R
P, P

©

) g R
‘7P\l2 Q2 jO| "A
/3
A7 e~

@

Pig. 189 - Double M/
transformer.
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te minimise the above effect. The charscteristic impedances, 1R¢
aad 5. of the% sections of line are related tos the resistances

at the receiviug and sending ends of the line, ip {his case the
charscteristic resistances of the respective feeders., by the rela-
tions

Re N

2
1R°=O-Rr andzR,:a..lR" ,thrc'l“{;:u .

The change of characteristic impedance #% the junction
generally necessitates changing from cne u=circle to another,
since for each separate section of line the impedance considered
must be normalised with respect to the ar~ropriate characteristic
resisiwence.

This is illustrated at (c) for the case when each sedion of

the double~trausformer is exactly% in length. Since _1}_5_' =1,
lRO &

the standing wave ratio for the first 3; section i =& , and the point
R of the circle diagram, cerrespording tc the input impedance at R

(Fig. 189(b)), normalised with respect to jR,, is the poinmt (%, 0).
The point ¢ (1,0} represents the terminatihg impedance Ry normalsed
with respect to itself. Hence we may consider the change in characte
eristic impedance at R to be represented on the diagram by movement

of the representative peint from ¢ to R. The change due to the
movement frem R to P (Fig. 189(h)) 25 represented by movement from R

te P; along the u-circlé. Since R is tne point (-5:, 0), Py is the

point (a, O). The change in characteristic impedance from jRq to
o At P mecessitates dividing the normalised impedances by a2, since

2Rg = 821Re, S0 that._z_ _ 'l2‘ « %_ o+ This transfers the represent-

o 25 1Ro

ative point te P», which is (% , 0}, the same as R.  Movement fom

P to Q (Fig. 189(b)) is represented by movement along the u-circle
from P2 to Q1 in Fig. 189(c)., Finally, since Rg = 8. jR,, the
change in impedance levels at Q is represented by dividing the new
impedance by a; i.e., the representative point returns te Q2 =EC
and the line is properly matched.

If the frequency is dlightly increased so that the electrical
lengthé of each of the matching sections is increased by the sane

amount, the conditions are altered to those shown in Fig. 189(d).
Provided the frequency shift is not too large the change in n-value
at Pp is the same as at P (this can be verified frem Fig, 185) so
that to a first approximation Q; is not shifted, and the input imped-
ance represented by Qo satisfies the requirements for a broad~band
mateh,

A similayr argument shows that any odd number of iransformers
with appropriate characteristic impedances, used in cascade, is
sensitive to changes in frequency, whereas any even number is not,.
However, the more % sections there are inserted between Ry and Rg the

smaller is the standing wave ratio on each section and the more
closely do the appropriate u-circles approach the point C. If s
lerge number of such transformers is used, with their characteristic
impedances exponentially graded, a wide-band match is achieved irres—
pective of whether the number of sections is odd or even.
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(v) Single Shunt Stub

This matching device is illustrated in Pig. 190(a). The
position of the stub, distant ¢j from the termination T3 T is
variable, and also the length/z of the stub, It is required to
&djust [l and {5 so that the input admittance at P1 Py has a
required value yg (usually the characteristic admittance ol the line
connected to Py Pp).

B
{;2 P %
e ,,"' ﬁyr Q r’fz___\
A T /32 Tral .
et ° s R
@
B ’ ¥s P
A T (77') /-Bz
i 4
’/ﬁr (C)
. \/ /;@) R 5
g \\\’725
A P7%)
/B,
Pl
° c
) = R
(b) /.Bz “_,/ ,
o lm P.
Fig. 190 - Matching by means of I/ B:
a single sliding stub. p
@)

The terminating admittance yy. and the characteristic imped=
ance R, determine the standing wave pattern and the appropriate u—
circle u = ur for the section PI (Fig. 190(b)}. On this circle the
points T and P (representing the required input admittance) are
known, The stub-length{p is adjusted until a susceptance j

is shunted across the line at Py Pp. This procedure determines the
point P'.  (There are two alternative positions for P! corresponding
to two complementary solutions to the problem. They are the inter-
sections with the circle u = u, of a vertical line drawn through

. Only one of these two positions is shown on the diagram).

P! determines the value ng of the required n-arc, The distance [1

between stub and terminaticn is giwven by ﬁ = fg = Ny
A

If may have any value a mafch is not always possible,
i.e. the line through parallel to the susceptance axis may not

intersect the circle u = upr. In most cases however is the
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characteristic admittance of a line identical with that forming
the section P! so that E = 1. In this case is the point

C (1,0) and two solutions are always possible, one of which corres=
ponds to a length 31- less than, and the other greater than /4.
The shorter length is usually preferable, The length 32 corres=-
ponding to the susceptance may be obtained from the circle

diagram as indicated below or from the formulae;

X
= = cot 2 !2 for a short-circulted stube
{
= 4 tan 2T %2 foran open=circuited stub.

The determination from the circle diagram of the lengtb.f 2
corresponding to the susceptance is illustrated at (¢). For
an open-circuited stub draw 0@ so that OQ = + The value no of
the n=-arc through @ then gives 4 > from the relation
{

- 2
o= R
It is important that the direction of the admittance j is deter=

mined correctly. In the case illustrated at (d) the point Q lies
below the origin, cerresponding to a value of np between 0+25 and 0<5.

If & short—circuited stub is wsed 0+25 A must be added to,
or subtracted frem, the length 4 5 obtained above for the open-circulted

stub.

Nunmerical example

The results of an actual experiment are quoted in illustra-
tion.

. The wnscreened twin transmission line of Fig. 191 comprised
2 pair of copper wires in tension. The characteristic impedance
was Ry = 320 ohms.

2, LOAD

i

1 3 ‘
ket k3 xﬁ

=]
(CL) “ ETA‘I:. 'jiEFTLgCT ING

Fig. 191 - Measurement of an
impedance at 1% Mo/s.

nic4 )
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The lines with the stub cmitted were fed from a low power,
loosely coupled 200 Mc/s. oscillator and & complete standing wave
was preduced on the line by using the metal plate termination shown.
The wavelength was obtained from the standing wave pattern using a
standing wave indicater. '

The measured wavelength was 151 ceniimetres.

It was found that & voltage antinode existed exactly at /i
frem the plate which behaved therefore as a termination of zere

impedance.

A resistor whose nominal value was 560 ohms was shunted
across the line at A/ from the plate, i.e. where the line imped-
ance wag infinite. The terminating impedance of the line to the
left was therefore that of the resistor alone. A standing wave ratio
S = 184 was found on the line and a voltage node was located at
«’. = 39 centimetres from the resistor towards the generator, At
this point the normalised admittance of the line is 3 + j.O =
1-84 + j.0 (See Sec. 52), This point lies on the cirele u = 53 db,
and the arc n = 0+25. We have lq/;\ = %_ = 0258, Censequently,

X} .
the admittance peint of the terminatien is the point of inter

section of the circle ua 5.3 db, and the arc u s (025 = 0-258) =
=0+008 which is qquivalent to the arc n = 0-492, This gives (y,| =
0°54 = 0°04j

or = Q5 * 00kJ = 1.8+ j. 0136,
@ (0,54)2 * (0.04)2

Zp

320 = (576 + 3. 4°36),
i.8. the "560 ohm resistor" has in fact a resistance of 576 olms in
series with an indwtive reactance of 4'36 ,0hms.

The standing wave on the line was eliminated by the use of a
short-circuited shunt stub as in Fig. 191(a). The point y,. eccupies
& position en the circle u = 5+3 db. as shown in FigJol (b). The
length of line frem yi. to P* is given by

Ap 015 = 0*49 = ~0°34 which is eguivalent to

Ap = 016
Hence the stub must be placed 0«16 A frem the load, i.e.
{1 = 24s2 cnas.

Since a short=circuited stub is used its length -fg is given
by [%/7\ = 025 + np . From the circle diagram we obtain n2 = O«41,
80 that 2/, = 0+66 which is equivalent to *3/p = 0+16. Hence 42

also ia 242 cms.

(vi) Double Shunt Stub

Fig. 192(a) illustrates the use of two shunt stubs of variable
lengths 11 and 4.’3 separated by a fixed distar‘me [2 for matching a line
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to & terminating sdmit-
tance yp. It will be
sassuned, as is common in
practice, that all per-
tions of the line and
stub have the same char-
acteriatic admittance

Gg+ It is thus required
te adjust the lengths{
and { =0 ‘that the
terminating admittance y,.
is correctly matched te
G-p-

As / 1 is wvaried
the normalised admittance
given by:-

] + 3By

= + 3Bzl B LIMITS WITHIN WHICH ¥, MUST
@ LIE FOR A MATCH TO BE POSSIBLE
traces a line parallel te
the s uscaptance axis B
tarough ( [Gr], 0), Fig. ¥
192(b). Since{ 2 is L —

constant the corresponding
admittance (y3) traces out

» circle (see (i) above), B,
This - cirele touches
the cirele u = O (the 5]

susceptance axis) corres-
pending te the short=
circuiting of the line
when {7 = 0, (n = 0.25),
the peint ef contact
being given by u= 0,

n =R+ 0‘25=_AZ+ 0-25,

It alseo touches the circle
W= 1w when B,. + By = 0

(i.e. E.] + Jo@ s

the point of centact being

LOCuUsS

given by u = W, R =Ry

when { lamdn= n, + Fig 192 - Matching by double shunt
stub,

0+25 when > 1.

Actually the ~ circle

can be shown to have centre

21@cosecz (2 1 52) - J oot (27‘!&2)

and radius
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L cosec? (27 n5).

i
AS = +j = +j(@ +) the possible

range of available for a given is given by the vertical

belt shown enclosing the -circle,

For the required value of ,

73] = ] = 9Py = [oa] + 3 (o] - B

and the locus of satisfactory values for is another line para=-
1llel to the susceptance axis, this time through . From an

intersection, following in a counter-clockwise direction the circle
u = Uy, which passes through the chosen point, for a distance corres-

ponding to mp, = -X%’ the appropriate value of is reached.
Only one of the two possible solutions is illustrated in Fig., 192(b).

The stub lengths fl and 13 may be determined from the
normalised susceptances and by the method indicated in

(v) above,

(vii) Matching by slugs

In general two degrees of fresdom are n-ceded in a device for
matching a line to a given load, so that a single slug is not adequate.
A slug may be combined with another matching device, such as a shunt
atubs, The following demonstration will be restricted to the part-
icular case in which two ldentical movable 7\/ L slugs are employed.

Suppose that two 7‘/4 slugs are inserted in a line of charact—
erigstic impedence R, so that the line with the slug present hag &
characteristic impedance _R° (m > 1), as shown in Fig. 193(a).

Suppose that the standlng wave x?tlo on the lengthf is § and that
it is required to adgust 1 and , if possible, so that the line

at A is properly matched.
Phe circle diagram (b} illustrates the procedure, The
circle u = uy represents the input impedance of the line to the

right of D. This circle has as the extremities of a diameter the
points (.. s 0) and (S, O). For brevity we shall denote this and

similar clmles as the circle (% » S). The impedance @
corresponas to & point on the circle u = Uy the position of this
point depending on the exact position of and the value of
n, = —)\-]: « It is necessary to convert the locus u= e to the
locus of the ilumpedance » which is the impedance of z,
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>
fe——— 20—
L=

(Cl) T A -“T 8 1‘ o D P
Ro Ro/m Ro  zo Rom Zr
| || = |

&

v

Anye é vv\

°
AR
.
.
.
D

(b)
Fig. 193 - Matching Wy dowble '/l sliding
81@0

normalised with respect to 'Brr'i.' « This is dome by multiplying each
value of B by m; the circle labelled wp is thereby obtained

(not & u-circle). The ends of its [E] —exis dismeter are (T, ms).

As mZD traverses the circle wp the input impedance

mzc: =L (normalised with respect to %12 ) at G, % from D, traces

another circle w,. (See (:L) at the beginming of this sectionm).
This circle is given by (mS ’ m). To convertthis impedance =

variation so that it represents the termination of the portion BC
(normalised with respect to Ro) it is necessary to divide each
impedance wg by m, the locus of Z, is thereby obtained, this
circle Wg' being glven by the peints (=L 1 ,

5 2.
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Hence as the line length 1’1 is varied, with a constant term~
ination @ the input impedance seen looking to the right at C traces
the circle w,'.

We now consider the conditions at the sending end. The imped-
ance to the left of A is Ro, denoted by A' (1, O). (The primed letters
are here used te denote that the impedance is viewed from the right
in Fig. 193(a), not from the left as for the unprimed letiers), The
impedsnce te the left of B is given by Ry where

R. RB = (%)23 i.e, RB = 5’1"2 s and its normalised

value is 5. This gives tae point B', The circle u= u, which
mn

corresponds to the standing wave pattern on the line BC is then the
circle (& 2 l. 2 ig. 1 R
(5, m ), and the distance ¢, from B to C (Fig. 193(a)) is

given by the change in the *n'-~value of the n-arcs frem B! to ¢!
traversed in &n anticlockwise direction, i.ee,

An2= _l.;.\.z. = n(B') = n(C*).

The condition for a cerrect metch at C is that the impedances
denoted by C and C' should be conjugate. C must therefore lie at
the oppesite end fram C' of a vertical chord of the circle u = u,.
Hence it is necessary that the circles u = u, andw = w,t interseot.
The peint B! always lies inside the w,' =circle, since the ends of

. . . 1L s . . 1
diameter of this circle are —5— = and B*' is the peint .[] ===
zs 3 2 2

-

S being greater than 1, Hence for intersection to eeccur it is
necessary that the other end of this diameter, @ =m2, sheuld lie

outside the w '~circle, i.e.,
L

m2>1§’2" or 8 < m .

Hence matching is possible by this method provided the
standing wave ratio introduced by the mis-—match at the termination
is not greater than mb.

The various impedance transformations which eccur in this
method of matching are illustrated by the heavy lines in Fig.

193(b). Two solutions are possible, but only one is indicated.
For simplicity the transformation due to the % transformer AB is

shown as a straight line from A' to B's As described in (iii) abeve
the impedance actually follows a u=-circle (after first being normal-

ised with respect to% ). The distance £2 may be determined dir-

ectly, as indicated, and the distance (1, can be similarly determined

when the position of the load impedance is located on the circle
u=

The problem of slug~matching is more complicated if the slugs
are not 2 in length, but the procedure is the same, The loci are

still circles, but the mutual relations are more complex and are not
considered further.

212



Chap.l;, Sect.sh—
(viii) Wide-band stub support (metallic insulator)

The srrangement is illustrated in Fig. 194{a). Suppose

the characteristic resistances of the lines FQ, QR are each Ro ,
n
where R, is the characteristic resistance of the mein line and m >1.
The circle u = uy {Pig. 194(b)) indicates the input admittance of the line

QP termipated at P im R, for various lengths. If this line is 7‘/2,_

in length, Q@ is the current antinode on this u~circle. If the
frequency of operation increases so that the line is slightly more
than AfL, Q appears as shown, so that the admittance OQ contains a

small inductive susceptance, If the input admittance j[B] of the

stub Q7 is of the right mmgnitude, the resultent admittamce,

,'O.‘QD+ iﬁ‘ = ’53' brings the admittance back en to the circle u= N

and the input admitiance of the line RQ at+ R, terminated as it i3S at

Q, is the same as that at P, namely G,, as shown by its nommaliged
1

value =
n T

Thus, provided the
chsnge ef frequency which
introduces the indwtive
susceptance in the input
admittance &t Q produces
suost the right capadtive %
susceptance in the input ~~~--
admittance of the stub QT, - : Z >
& wide=band matich is
obtained. @

If the character—
istic resistance eof the
stub is Ro , it may be

L]

%
siucwn that tk}e condition
for a correct match is
Liven by °

oD

t=2m (w2 ~1).

A particular case arizes

vhen t = @ = %. In
(<)

this case the same

thickness of inner cable

may be used for both the - band Suppo

stub and the thickened Fig. 194 - Wide~ stub rt.

line PR.
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